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Abstract
A locally conformal (l.c.) almost cosymplectic manifold is a class of almost contact
manifolds in Riemannian geometry, which is derived from a special class of confor-
mal transformation such that the manifold has an open covering fUg2I and to any
U there exists a function  : U ! R such that the metric g restricted to each
U is conformally related to an almost cosymplectic manifold. It has been proved
that an almost cosymplectic and almost -Kenmotsu manifolds belong to some sub-
classes of the class of locally conformal almost cosymplectic. In this thesis, we study
a class of almost contact manifolds, namely, locally conformal almost cosymplectic
manifolds. We investigate subclasses of such manifolds and prove that some of them
contain the class of bundle-like metric structures. Under some conditions, we show
that the class of conformal changes of almost cosymplectic structures is a subclass of
(almost)-cosymplectic structure. Considering the indefinite l.c. almost cosymplectic,
we prove that there exist foliations arising from Pfaffian equation ! = 0 whose leaves
are the maximal integral null manifolds immersed as submanifolds of indefinite lo-
cally conformal cosymplectic manifolds. Necessary and sufficient conditions for such
leaves to be screen conformal, as well as possessing integrable distributions are given.
Using Newton transformations, we show that any compact ascreen null leaf with a
symmetric Ricci tensor admits a totally geodesic screen distribution.
Finally, we adapt the conformal transformation on 2-osculator bundle endowed
with a Lagrangian function L. We investigate the behavior of the nonlinear connec-
tion under the conformal change of the fundamental tensor and study the confor-
mal deformation of related geometrics objects like the canonical N -linear connection
and associated curvatures. We also define a locally conformal almost cosymplectic
structure on the 2-osculator bundle Osc2(M), where M is an n-dimensional smooth
manifold. For a given almost contact structure on M , we obtain an almost n-contact
structure depending only on the structure on M , by using the complete lift.
Key words and phrases: Locally conformal almost cosymplectic manifold; Newton
transformation; 2-semispray vector field, 2-Lagrange space.
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Chapter One
Introduction
1.1 Introduction
Contact and almost contact structures are two of the most interesting examples of
differential geometric structures. Indeed, their theory is a natural generalization of so-
called contact geometry, which has important applications in classical and quantum
mechanics. In addition, they were used in the classical description of time-dependent
systems in mechanics such as regular Lagrangian systems and Hamiltonian systems
(see [15, 28] and references therein for more details). Their study as differential geo-
metric structures dates from works of the Gray [23] and Sasaki [45]. Almost contact
structures provide a counterpart of almost complex structures in odd dimension and
include several classes of special importance as contact, Sasakian and cosymplectic
ones (see [6] and [8] and references therein).
The notion of almost cosymplectic manifolds was introduced by Goldberg and
Yano in [22]. In fact, they extended earlier results on almost Kähler manifolds which
says that if the curvature transformation of the almost Kähler metric commutes with
the almost complex, then the latter is integrable. The simplest examples of such
manifolds are those locally formed by the products of almost Kählerian manifolds
and the real line R (or the circle S1). In [24], the authors investigated a class of
almost -cosymplectic manifolds, with  constant. They studied canonical foliations
of the same class of cosymplectic and proved that the foliation defined by the contact
distribution is Riemannian and tangentially almost Kähler of codimension 1, and
is tangentially Kählerian if the underlying manifold is normal. The indefinite case
locally conformal almost cosymplectic secures the existence of a special subspace,
namely, null (lightlike) space.
Null geometry of submanifolds of semi-Riemannian manifolds is remarkably dif-
ferent from the geometry of submanifolds immersed in a Riemannian manifold by the
fact that the normal vector bundle of a null submanifold intersects with its tangent
bundle. This aspect makes null geometry difficult to study despite having numerous
applications in other fields like mathematical physics. The study of null submanifolds
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Introduction 5
of a semi Riemannian manifold was initiated by Duggal-Bejancu [18] and Kupeli [26]
and later by many authors [27], [36], [16] and references therein. Geometry of subman-
ifolds in locally conformal cosymplectic manifolds as well as cosymplectic manifolds
has also been studied by many authors, for instance [12], [22], [34], [43] and [44]. For
the almost contact null geometry, see, for instance, the papers [30]- [32] and references
therein.
The notion of Lagrange space of order k is introduced by means of regular non-
degenerate Lagrangian defined on the total space of the k-accelerations bundle T kM .
In this case the Craig-Synge equations determine a k-semispray, which depend only
on the considered Lagrangian. The importance of Lagrange geometry consists of the
fact that variational problems for important Lagrangians have numerous applications
in various fields, such as mathematics, the theory of dynamical systems, optimal con-
trol, biology, and economy (see [39, 40] for more details). In this respect, Antonelli
remarked the following [4]: “There is now strong evidence that the symplectic geom-
etry of Hamiltonian dynamical systems is deeply connected to Cartan geometry, the
dual of Finsler geometry”.
This thesis has two distinct parts. In the first part, we consider a class of almost
contact metric manifolds which is called locally conformal (l.c.) almost cosymplectic
manifolds. This part builds on the paper of Olszak [43] in which the author in-
vestigated properties of the curvature and of the pointwise constant '-holomorphic
sectional curvature condition in a certain class of locally conformal almost cosym-
plectic manifolds. This class was later studied by Chinea and Marrero [12] under the
name of “conformal changes of almost cosymplectic manifolds”. They characterized
the structures in terms of its Lee form and obtained that the leaves of the contact
foliation inherit a locally conformal (almost) Kähler structure. This part of the the-
sis also focuses on one of the classes in which the differentiable 1-form ! derived
from the l.c. structure is proportional to the contact form structure  of the mani-
fold under consideration. We also investigates the geometric conditions for which the
class under study falls into the class of (almost) cosymplectic manifolds. Under some
special conformal deformation, Olszak in [43] proved that such manifolds are almost
-Kemnotsu. In [34], the authors proved that the class of this deformations contain
the one of bundle-like metric structures, in the Riemannian case.
We are also interested in indefinite locally conformal deformations of almost
cosymplectic manifolds. We study the leaves (as submanifolds) of the foliations which
are coming from the distributions generated by the Pfaffian equation ! = 0, ! be-
ing the characteristic 1-form of the ambient manifold under consideration, P : x 2
M(c) 7! RVx  RBx, where c = g(Bx; Bx) and RVx and RBx denotes line bundles
locally spanned by Vx and Bx, respectively. In this case the Lee form ! is not required
to be parallel as it is the case with locally conformal Kähler. But according to dif-
ferent positions of the Lee vector field B with respect to the structure vector  and
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Main results on locally conformal geometry 6
due to the causal character of the Lee vector field, we obtain some rich information
about the geometry of leaves in M .
The second part of the thesis deals with the Lagrange spaces of order 2. Given two
Lagrange spaces of order 2, (M;L) and (M; eL), we establish a conformal transforma-
tion between their corresponding fundamental tensors when their fundamental tensors
are conformally deformed. In this case, we will say that L and eL are conformal-type.
The Lagrange spaces of order 1 are the smooth manifolds endowed with a regular
Lagrangian L of order 1. These spaces were introduced twenty years ago by Miron
[40] and were studied due to their applications in Mechanics, Physics, Control theory
etc. They lead to geometric models more general than those provided by Rieman-
nian or Finslerian structures (see [40] and references therein). Such spaces can be
extended to the higher order, in particular to order 2. In this case, the base manifold
is called 2-osculator bundle and is denoted by Osc2(M). This is a natural extension
of the notion of 1-osculator bundle. So, it is necessary to study the total space of the
2-osculator bundle (Osc2(M); 2;M), where M is a smooth manifold (see [40]). The
2-osculator bundle has a profound geometrical meaning and is more suitable for the
applications of Lagrange geometry in mechanics ([29], [46]), theoretical physics and
biology [41].
The main results of this thesis are summarized in Section 1.2 and 1.3.
1.2 Main results on locally conformal geometry
Let (M;; ; ; g) be a locally conformal (l.c.) almost cosymplectic manifold. Then,
there exists a 1-form ! on M such that
d = 2! ^ ; d = ! ^  and d! = 0: (1.1)
Let h be the (1; 1)-tensor field on M defined by
hX = rX   !()X + (X)B; (1.2)
for any vector fields X and Y on M , where B is the dual vector field of !. Then,
we have one of the following results showing that, under some conditions, the class
of conformal changes of almost cosymplectic structures is a subclass of (almost)-
cosymplectic structures. Let r and r be the scalar curvature and scalar -curvature
defined, respectively, by r =
2mX
i=0
S(Ei; Ei) and r =
2mX
i=0
S(Ei; Ei), where fEig0i2m
being an orthonormal frame with respect to g. Our main results are as follows:
(1) If Let (M2m+1; ; ; g) is compact with m > 1 for which the function !() is
constant in the direction of  and the Chern-Hamilton  is parallel and if r = r;
then M is cosymplectic.
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Main results on locally conformal geometry 7
Let eh be another (1; 1)-type tensor field associated to the structure (; ; ; g) as
defined in [8, page 84] by eh = 1
2
L: (1.3)
We have the following result giving rise to a class of l.c. alomst cosymplectic manifolds
admitting a Lee form proportional to the characteristic 1-form .
(2) The (1; 1)-tensor field  anticommutes with eh and eh is a symmetric operator
if and only if there exists a smooth function f on M such that
! = f with df ^  = 0 and eh = h:
Let D := ker  be the contact distribution and D? be the distribution spanned by
the structure vector field . Then, we have the following decomposition
TM = D D?: (1.4)
Here we have the following results:
(3) The integral manifolds of the distribution D in (3.41) are l.c. almost Kähler
manifolds with mean curvature vector field H 0 =  !(). They are totally um-
bilical submanifolds of M if and only if the operator h vanishes.
(4) Let F be a foliation on M of codimension 1. If the metric g on M is bundle-like
for the foliation F, then the leaves of F are almost Kähler. Moreover, if M is
normal, then the leaves of F are Kähler and totally umbilical.
LetM be a (2n+1)-dimensional indefinite l. c. almost cosymplectic manifold of index
q, 0 < q < 2n+ 1. Set c = g(B;B) 2 C1(M) and Sign(B) = fx 2 M : Bx = 0g. Let
F be the canonical foliation of codimension r whose leaves are the maximal connected
integral manifolds of the Pfaffian equation ! = 0 [10]. Then, we have the following
fundamental theorem.
(5) Assume that 0 < q < 2n+ 1 and Sign(B) = ;. Then
(i) If c 6= 0, then the index of each leaf L of F is given by ind(L) = q   s;
where s = ind((TF)c) with 0  s  r. Moreover, L is totally geodesic r
codimensional semi-Riemannian submanifold of (M; g) if and only if the
Lee form ! is parallel.
(ii) If c = 0, then each leaf of F is either a null hypersurface or a quasi
generalized CR-null submanifold of (M; g).
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Main results on locally conformal geometry 8
If the characteristic vector field  is decomposed as follows.
 = S + aB + bN;
where S denotes the component of  on S(TL) while a and b are non-zero smooth
functions on M , then the leaf L is ascreen null hypersurface [27] if S = 0. One of
the cases of this theorem generates the followings.
(6) Let L be a leaf of a foliation F in an l.c. almost cosymplectic manifold M such
that c = 0 and !() 6= 0. Then L is an ascreen null hypersurface of F if and
only if Rad(TF) = ltr(TF).
For the higher order geodesibility of leaves of F, we fix the pair of non-zero vector field
on leaves of F as follows: Let (L; g; c = 0) be an ascreen null hypersurface immersed
in an l.c. almost cosymplectic manifold, with Sign(B) = ;, !() 6= 0 and a conformal
vector field Q = e(t). We prove that:
(7) If the Ricci tensor of the induced connection rF is symmetric, then there exists
a pair fB;Ng on U  L such that the corresponding 1-form  vanishes on any
U \ L. Moreover, g(Q;B) 6= 0 and g(Q;N) 6= 0.
Let dVM be the volume element ofM with respect to g and a given orientation. Then,
we denote the volume form on F by
dV = iNdVM ;
where iN is the contraction with respect to the vector field N . Using the New trans-
formations, we prove the following:
(8) If L is a compact ascreen null hypersurface of F in an l.c. almost cosymeplectic
of constant sectional curvature and the Ricci tensor of the induced connection
rF is symmetric, thenZ
L
(B  g(TrQ;N) + e(t)tr(Tr  h) + ( 1)rcr!(Q)fHr +Hr+1g)dV = 0;
where Tr are the Newton transformations with respect to the shape operator AN
defined by Tr = ( 1)rSrI+ AN  Tr 1; 0  r  m and Hr =

m+ 1
r
 1
Sr is
the normalized mean curvature with respect to the shape operator AN .
This leads to the following result:
(9) Let a, b and  be constants such that h is tangent to F. If L is a compact as-
creen null hypersurface of F in an l.c. almost cosymeplectic of constant sectional
curvature and the Ricci tensor of the induced connection rF is symmetric and
H1 is constant, then the screen distribution S(TL) of L is totally geodesic.
On the geometry of locally conformal almost cosymplectic
manifolds and 2-order Lagrange spaces
Scholarship from SIMONS FOUNDATION through
the RGSMA-Project (BIUST, Botswana)
Ange Maloko Mavambou cUKZN 2017
angemaloko@gmail.com
Main results on 2-order Lagrange spaces 9
1.3 Main results on 2-order Lagrange spaces
Let M be a real n-dimensional smooth manifold and L and eL be two 2-Lagrangian
onM with the fundamental tensors g and eg of L and eL, respectively. One of the main
results in this part of the thesis is stated as follows:
(10) Assume that the fundamental tensors g and eg of L and eL, respectively, are
conformally deformed. If g is 0-homogeneous with respect to y(2), then L and eL
are related as eL =  L+ Ai(x; y(1))y(2)i + U(x; y(1)); (1.5)
where Ai an arbitrary covector and U an arbitrary function on Osc1(M). More-
over, the coefficients of the d-tensor of the curvatures associated to D and eD
are given by eRhijk = Rhijk + rhijk; eP hijk
(1)
= P hijk
(1)
+ phijk
(1)
; (1.6)
eP hijk
(2)
= P hijk
(2)
+ phijk
(2)
; eShijk
(21)
= Shijk
(21)
+ shijk
(21)
; (1.7)
eShijk
(11)
= Shijk
(11)
+ shijk
(11)
; (1.8)
where
rhijk = il
h
jk + @^ieLhjk   jlhik   @^jeLhik + Lsjklhis + lsjkeLhis   Lsiklhjs
  lsikeLhjs  Rsij
(01)
chsk
(1)
  rsij
(01)
eChsk
(1)
 Rsij
(02)
chsk
01
  rsij
(02)
eChsk
01
; (1.9)
phijk
(1)
= 1il
h
jk + @^1ieLhjk   1jlhik   @^1jeLhik + Lsjkchis
(1)
+ lsjk eChis
(1)
  Csik
(1)
lhjs
  csik
(1)
eLhjs +Bsji
(11)
chsk
(1)
+Bsji
(11)
eChsk
(1)
+Bsji
(12)
chsk
(1)
+ bsji
(12)
eChsk
(1)
; (1.10)
phijk
(2)
= 2il
h
jk + @^2ieLhjk   jchik
(2)
  @^j eChik
(2)
+ Lsjkc
h
is
(2)
+ lsjk eChis
(2)
  Csik
(1)
lhjs
  csik
(1)
eLhjs +Bsji
(21)
chsk
(1)
+ bsji
(21)
eChsk
(1)
+Bsji
(22)
chsk
(2)
+ bsji
(22)
eChsk
(2)
; (1.11)
shijk
(21)
= 2ic
h
jk
(1)
+ @^2i eChjk
(1)
  1jchik
(2)
  @^1j eChik
(2)
+ Csjk
(1)
chis
(2)
+ csjk
(1)
eChis
(2)
  Csik
(2)
chjs
(1)
  csik
(2)
eChjs
(1)
+Bsji
(21)
chsk
(2)
+ bsji
(21)
eChsk
(2)
; (1.12)
shijk
(11)
= 1ic
h
jk
(1)
+ @^1i eChjk
(1)
  1jchik
(1)
  @^1j eChik
(1)
+ Csjk
(1)
chis
(1)
+ csjk
(1)
eChis
(1)
+Rsij
(12)
chsk
(2)
+ rsij
(12)
eChsk
(2)
: (1.13)
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Let fUtgt2I be a family of an open covering Osc2(M). Assume that at each Ut there
exists a map t : Ut ! R. Then we have the following.
(11) The structure
eF; e
s
= exp(
t
2
)t
s
;
se= exp( t
2
)
s
t; eG = exp( t)Gt; (1.14)
is almost cosymplectic in Ut if and only if the following equations are satisfied
d = ! ^  + (gijH ik
(1)
!  H ik
(1)
dgij + gijdH
i
k
(1)
) ^ dxj ^ dxk; (1.15)
d
i
=
1
2
i
 ^!   1
2
H ik
(1)
! ^ dy(1)k   1
2
Kik! ^ dxk   dH ik
(1)
^ dy(1)k
  dKik ^ dxk; (1.16)
where ! = d obtained by gluing up dt on Osc2(M).
1.4 Organization of the Thesis
This thesis is organized as follows. Chapter 2 is devoted to some useful background
concepts and definitions on almost contact metric manifolds, almost Kähler manifolds,
and almost cosymplectic manifolds. We also provide the definition on 2-osculator
bundle Osc2(M) and introduce necessary tools such as Liouville vector fields, 2-
semispray vector fields and Homogeneity of functions of tangent bundle TM (see [40]
and references therein for more details).
In Chapter 3, we give the definition of l.c. almost cosymplectic manifolds. We
investigate the Chern-Hamilton tensor field  which was introduced in the paper [11].
We prove that the geometric properties of the characteristic structure vector field  is
closely related to the parallelism of the Chern-Hamilton tensor field  . Theorem 3.1.1
gives another class of l.c. almost cosymplectic structures which are almost cosymplec-
tic. This class contains the one given by Olszak in [43, Theorem 4.1]. A class of l.c.
almost cosymplectic structures which are cosymplectic is also obtained. Examples are
also given to support the results. We also discuss the proportionality of the locally
conformal structure and prove that there are many classes that contain such a pro-
portionality condition. Examples are also given. We also find some characterization
theorems for a foliation to be Riemannian. Under some conditions, we prove that the
foliation of the contact distribution has (almost) Kählerian leaves. Finally we end the
section with characteristic remark.
In Chapter 4, we consider a locally conformal cosymplectic manifold endowed with
an indefinite metric, and we study the leaves (as submanifolds) of the canonical foli-
ations generated by the Pfaffian equation ! = 0. We give the necessary and sufficient
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Organization of the Thesis 11
conditions for leaves to be screen conformal as well as some distributions on them
to be integrable. Also, we give the necessary condition for the induced connection on
the leaves to be a metric connection. By considering a suitable conformal vector field
on M , we show that any ascreen null leaf, with a symmetric Ricci tensor, admits a
totally geodesic screen distribution, using the concept of Newton transformations [2],
[3] and [16].
In Chapter 5, we study the geometry of the conformal transformation on the bun-
dle (T 2M;2;M) of accelerations of order 2. We establish the relationships between
the geometric objects corresponding to L and eL, respectively, namely, Lie brack-
ets, d-tensor of curvature tensors, and d-tensor of Ricci tensors. Some examples of
Riemannian and Finsler manifolds are also given.
In Chapter 6, we are concerned with the study of structures on Osc2(M). We
introduce the almost n-contact structure on Osc2(M). A similar characterization used
by Vaisman on M , for l.c. almost cosymplectic manifolds is considered on Osc2(M).
Making use of the complete lift of almost contact structures on M , we obtain (1; 1)-
tensors on Osc2(M), namely  and A, defined by  = L    d2 and A(2i) =
ajij; A(i) =  aji2j; A(1i) = 0, where aji = ji2. Therefore, the pair (Osc2(M); A)
is an almost n-contact manifold and for a given l.c. almost cosymplectic structure on
M subject to some conditions, we obtain an l.c. almost cosymplectic on Osc2(M).
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Chapter Two
Preliminaries
This chapter gives a brief exposition on almost complex, (almost) Kälher manifolds,
almost contact manifolds with particular attention to almost cosymplectic manifolds.
Furthermore, we give some definitions on 2-osculator bundles needed in the sequel.
We assume (unless otherwise stated) that all manifolds in this thesis are smooth
and paracompact.
2.1 Almost contact structures
In [8], Blair defined an almost contact manifold as a (2n+1)-dimensional manifoldM
such that the structural group of its tangent bundle is reducible to U(n) 1. Several
tensor fields are thereby distinguished, there are the linear transformation field 
which acting in each tangent space TpM of M , p 2 M , called fundamental singular
collineation, the vector field  in M called the fundamental (or structure) vector field
and the contact form  related by
2 =  I+  
 ; () = 1;  = 0;    = 0: (2.1)
A smooth manifold M is called almost contact metric manifold if it admits a Rie-
mannian metric g satisfying the compatible relation given by
g(X; Y ) = g(X;Y )  (X)(Y ): (2.2)
Replacing respectively in (2.2) Y = Y and Y =  and using (2.1), one gets
g(X; Y ) =  g(X;Y ) and (X) = g(X; ): (2.3)
A fundamental 2-form  of (M;; ; ; g) is given by
(X;Y ) = g(X; Y ):
A Nijenhius tensor field with respect to  is a (1; 2)-tensor N1 defined by
N1 = [; ] + d 
  (2.4)
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Almost cosymplectic manifolds 13
where [; ] is the Nijenhuis torsion of the tensor field  given by
[; ](X;Y ) = [X; Y ]  [X; Y ]  [X;Y ] + 2[X;Y ]:
An almost contact manifold with a vanishing Nijenhius tensor field is a Normal almost
contact manifold.
There are three other useful tensors in almost contact structure (; ; ) given by
N2(X;Y ) = (LX)Y   (LY )X; (2.5)
N3 = (L)X; (2.6)
N4 = (L)X; (2.7)
where L is the Lie derivative. It is known that the vanishing of N1 implies the vanish-
ing of N2, N3, N4. (See [8, page 81] for more details). Therefore, for a normal almost
contact metric manifold the following equation holds
rX = rX: (2.8)
For more details see [8, Lemma 6.2].
2.2 Almost cosymplectic manifolds
An almost contact metric manifoldM is called almost cosymplectic if its fundamental
form and contact form are closed, that is
d = 0 and d = 0: (2.9)
A cosymplectic manifold is a normal almost cosymplectic manifold. For a cosymplectic
manifold we have r = 0 (see [34] and references therein for more details).
Almost cosymplectic manifolds are viewed as odd-dimesional version of Almost
Kälher manifolds.
Proposition 2.2.1. Let (M; ; ; ; g) be an almost cosymplectic manifold. The fol-
lowing relation holds
(rX)Y + (rX)Y   (Y )rX: (2.10)
Proof. The details of the proof can be found in [44].
From (2.10), one gets
r = 0; rX =  rX and r = 0; (2.11)
which also imply
(rX)(Y ) = (rX)(Y ); (2.12)
(rX)(Y ) =  (rX)(Y ): (2.13)
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Almost Kähler manifolds 14
Proposition 2.2.2. Let (M; ; ; ; g) be an almost cosymplectic manifold. The di-
vergence and Ricci curvature satisfy
div() = 0; (2.14)
S(; ) + jrj2 = 0: (2.15)
Proof. Since, div() =
P2n+1
i=0 g(rEi; Ei), then for a chosen -basis and by taking
into account (2.11), one obtains
g(rEi; Ei) =  g(rEi; Ei);
then div() = 0. The equation (2.15) derives from a straightforward calculation.
Indeed, we have S(X;Y ) =
P2n+1
i=0 R(Ei; X; Y; Ei), then
S(; ) =
2n+1X
i=0
R(Ei; ; ; Ei) =
2n+1X
i=0
g(rEir  rrEi  r[Ei;]; Ei)
2n+1X
i=0
g(rEir; Ei) +
2n+1X
i=0
( g(rrEi; Ei)  g(r[Ei;]; Ei)
=
2n+1X
i=0
g(rEir; Ei)  div() +
2n+1X
i=0
(g(rEi;rEi)  (rEi)[Ei; ])
=
2n+1X
i=0
g(rEir; Ei)  div() +
2n+1X
i=0
(2g(rEi;rEi)  g(rEi;rEi)):
(2.16)
By using (2.11), we have g(rEi;rEi) + g(rEi;rEi) = 0. Therefore, (2.16)
gives
S(; ) =  
2n+1X
i=0
g(rEi;rEi) =  jrj2;
which proves the assertion.
2.3 Almost Kähler manifolds
An almost complex manifold is an even-dimensional manifold M endowed with a
(1; 1)-tensor field J such that J2 =  I, where I is the identity matrix. Such a manifold
is orientable.
Denoting by NJ , or simply by N , the Nijennhuis tensor of J , one has
N(X;Y ) = [JX; JY ]  J [JX; Y ]  J [X; JY ]  [X;Y ]:
If N = 0 then the almost complex manifold (M;J) is called complex manifold.
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The 2-Osculator bundles 15
An almost hermitian manifold (M;J; g) is an almost complex manifold in which
J is skew-symmetric with respect to the metric g.
Denote by 
 the fundamental 2-form that is

(X;Y ) = g(X; JY ); for any X;Y 2  (TM):
The manifold M is said to be almost Kähler if 
 is closed i.e., we have d
 = 0. It
is easy to prove that a Hermitian manifold is a Kähler manifold if and only if the
almost complex structure J is parallel with respect to r, i.e., we have rXJ = 0 for
any X 2  (TM) (see [8] for more details).
2.4 The 2-Osculator bundles
Let M be a real n-dimensional smooth manifolds and (Osc2(M); 2;M) its bundle of
accelerations of order 2. For a local chart (U; (xi)) in p 2 M , its lifted local chart in
u 2 (2) 1(p) is
((2) 1(U); (xi; y(1)i; y(2)i)):
For each point u = (x; y(1); y(2)) 2 Osc2(M), the natural basis of the tangent space
TuOsc
2(M) is
f @
@xi
ju; @
@y(1)i
ju; @
@y(2)i
jug:
In analytical mechanics, the manifold M is called the space of configuration, a
mapping c : t ! (xi(t)) 2 U  M is called law of moving (evolution) or a time-
parametrized curve, a couple (t; x) is an event and the pair (
dxi
dt
;
1
2
d2xi
dt2
) are the
velocity and acceleration (see [40] for more details).
We have 2-canonical surjective submersions
20 = 
2 : (x; y(1); y(2)) 2 Osc2(M)! (x) 2M; (2.17)
21 : (x; y
(1); y(2)) 2 Osc2(M)! (x; y(1)) 2 Osc1(M): (2.18)
Thus 20 and 21 determine the vertical distributions
Vu;1 = ker d
2 = Spanf @
@y(1)i
ju; @
@y(2)i
jugi=1n;
Vu;2 = ker d
2
1 = Spanf
@
@y(2)1
ju;    ; @
@y(2)n
jug: (2.19)
Then we have the decomposition sum,
TuOsc
2(M) = Nu  Vu;1: (2.20)
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The 2-Osculator bundles 16
The paracompacteness of M guarantees the existence of the integrable distribution
Vu;1 = ker d
2 (see [40, theorem.3.3.3] for more details).
An extremely important structure on Osc2(M) is the so-called 2-tangent structure
J introduced by Eliopoulous in [20] locally given by
J =
@
@y(1)i

 dxi + @
@y(2)i

 dy(1)i; (2.21)
and satisfies the following properties
Im J = V1; ker J = V2; J(V1) = V2; rankkJk = 2n:
There are two important vectors fields, called Liouville vector fields in the study of
geometry of Osc2(M):
1
 = y
(1)i @
@y(2)i
and
2
 = y
(1)i @
@y(1)i
+ 2y(2)i
@
@y(2)i
: (2.22)
We will also use the operator:
  = y(1)i
@
@xi
+ 2y(2)i
@
@y(1)i
: (2.23)
A vector field S of Osc2(M) is called a 2-semispray on Osc2(M) if
JS =
2
 
locally given by
S = y1
@
@xi
+ 2y2
@
@y(1)i
  3Gi @
@y(2)i
=    3Gi @
@y(2)i
: (2.24)
The curve ec : t! ec(t) 2 (2) 1(U)  Osc2(M) extension of c is given by
ec : t 2 I ! (xi(t); dxi
dt
;
1
2
d2xi
dt2
): (2.25)
A 2-path on M is the curve c : I ! M such that its extension on Osc2(M) is an
integral curve of S. It is well known that the paths of the 2-semispray S are given by
the differential equations
d3xi
dt3
+ 3!Gi(x;
dx
dt
;
1
2
d2x
dx2
) = 0: (2.26)
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The 2-Osculator bundles 17
The coefficients Gi(x; y1; y2) allow us to obtain the system of functions
N ij
(1)
=
@Gi
@y(2)j
; (2.27)
which are the coefficients of the nonlinear connection N in (2.20).
Using the 2-almost tangent structure (2.21) the decomposition (2.20) becomes
TOsc2(M) = N0 N1  V2; (2.28)
where N0 = N .
According to (2.28), there exists an adapted basis on TOsc2(M) denoted by

xi
;

y(1)i
;

y(2)i

; (2.29)
given by

xi
=
@
@xi
 Ni
(1)
j @
@y(1)j
 Ni
(2)
j @
@y(2)j
;

y(1)i
=
@
@y(1)i
 Ni
(1)
j @
@y(2)j
;

y(2)i
=
@
@y(2)i
; (2.30)
with
Ni
(2)
j =
1
2
(SNi
(1)
j  Ni
(1)
mNm
(1)
j): (2.31)
Its duals basis is given by:
xi = dxi; (2.32)
y(1)i = dy(1)i +Mm
(1)
idxm; (2.33)
y(2)i = dy(2)i +Mm
(1)
idy(1)m +Mm
(2)
idxm; (2.34)
where
Mm
(1)
i = Nm
(1)
i and Mm
(2)
i = Nm
(2)
i +Nk
(1)
iNm
(1)
k: (2.35)
As result, we have the following equations
@
@xi
=

xi
+Mi
(1)
j 
y(1)j
+Mi
(2)
j 
y(2)j
;
@
@y(1)i
=

y(1)i
+Mi
(1)
j 
y(2)j
;
@
@y(2)i
=

y(2)i
; (2.36)
dxi = xi; dy(1)i = y(1)i  Nm
(1)
ixm; dy(2)i = y(2)i  Nm
(1)
iy(1)m  Nm
(2)
ixm: (2.37)
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Therefore, by using (2.36) we obtain the Liouville vector fields in adapted basis (2.29)
as follows
1
  = z
(1)i 
y(2)i
;
2
 = z
(1)i 
y(1)i
+ 2z(2)i

y(2)i
; (2.38)
where z(1)i = y(1)i; z(2)i = y(2)i +
1
2
M ij
(1)
y(1)j; (2.39)
are the Liouville d-vectors.
Definition 2.4.1. [40] A distinguished tensor field (briefly: d-tensor field) onOsc2(M)
of type (r; s) is a tensor field T of type (r; s) on Osc2(M) with the property:
T (
1
!;    ; r!;X
1
;    ; X
s
) = T (
1
!
H
;    ; r!V2 ; X
1
H ;    ; X
s
V2) (2.40)
for any (
1
!
H
;    ; r!V2) 2 X(Osc2(M)) and (X
1
H ;    ; X
s
V2) 2 X(Osc2(M)). The tensor
field T is locally defined by
T = T a1arb1bs (x; y
(1); y(2))

xa1

    @
@y(2)ar

 dxb1 
    y(2)bs ; (2.41)
where the coefficients are given by
T a1arb1bs (x; y
(1); y(2)) = T (dxa1 ;    ; y(2)ar ; @
@xb1
;    ; @
@y(2)bs
): (2.42)
The dual basis f1; x; y(1); y(2)g generates the algebra of the d-tensor fields over the
ring of functions F(Osc2(M)).
Definition 2.4.2. [9] A function f : TM ! R that is differentiable on gTM and
continuous only on the null section 0 : M ! TM is called homogeneous of order
r (r 2 Z) on the fibres of TM or r-homogeneous with respect to yi if:
f  ha = arf; 8a 2 R+;
where h : TM ! TM is given by h(x; y) = (x; y).
The following Euler theorem holds:
Theorem 2.4.1. [9] A function f 2 C1(M) on gTM and continuous only on the
null section is homogeneous of order r if and only if
L f = y
i@if = rf: (2.43)
Proof. Assume that the function is r-homogeneous then f(xi; ryi) = yirf(xi; yi);
differentiating both side with respect to  one gets @f
@
= @f
@(yi)
@(yi)
@
= yi @f
@(yi)
and
@f
@
= rr 1f by putting  = 1 one gets (2.43). Then the proof.
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The following properties hold:
(1) If f1, f2 are r-homogeneous functions, then the function 1f1+2f2, 1; 2 2 R
is r-homogeneous too.
(2) If f1 is r-homogeneous and f2 is s-homogeneous, then the function f1:f2 is
(r + s)-homogeneous.
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Chapter Three
Locally conformal almost
Cosymplectic manifolds
In this chapter, we establish the equation which characterizes a locally conformal
(l.c.) almost cosymplectic manifold. We also investigate the tensor field h and the
Chern-Hamilton tensor field  . By using some facts on foliations in [7], we study some
subclasses of the class of l.c. almost cosymplectic manifolds in particular the subclass
of bundle-like metric structures. We support this chapter with some examples.
3.1 L.c. almost cosymplectic manifolds
Let M be a (2m + 1)-dimensional almost contact manifold endowed with an almost
contact metric structure (; ; ; g), where  is tensor field of type (1; 1) on M , a
vector field  and a 1-form  satisfying the following relations
2 =  I+  
 ; () = 1;  = 0;  = 0; (3.1)
and g(X; Y ) = g(X;Y )  (X)(Y ): (3.2)
The fundamental 2-form ofM is defined by (X;Y ) = g(X;Y ), for any vector fields
X and Y on M .
M is said to be almost cosymplectic if the forms  and  are closed, that is, d = 0
and d = 0, d being the operator of the exterior differentiation (see [22]). If M is
almost cosymplectic and its almost contact structure (; ; ) is normal, then M is
called cosymplectic. The normality condition says that the torsion tensor field
[; ] + 2d 
  = 0; (3.3)
where [; ] is the Nijenhuis torsion of  defined by
[; ](X;Y ) = 2[X;Y ] + [X; Y ]  [X; Y ]  [X;Y ]:
It is well-known that a necessary and sufficient condition for the almost contact metric
manifold M to be cosymplectic is r = 0, where r is the Levi-Civita connection of
M .
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Now, let (M;; ; ; g) be an almost contact metric manifold. Such a manifold is
said to be locally conformal (l.c.) almost cosymplectic [43] if M has an open covering
fUtgt2I endowed with smooth functions t : Ut  ! R such that over each Ut the
almost contact metric structure (t; t; t; gt) defined by
t = ; t = exp(t); t = exp( t); gt = exp( 2t)g; (3.4)
is almost cosymplectic. If the structures (t; t; t; gt) defined in (3.4) are cosymplectic,
then M is called l.c. cosymplectic. L.c. conformal almost cosymplectic manifolds were
characterized by Vaisman in [48]. This is stated as follows: An almost contact metric
manifold M is an l.c. almost cosymplectic manifold if and only if there exists a 1-form
! on M such that
d = 2! ^ ; d = ! ^  and d! = 0: (3.5)
Moreover, an l.c. almost cosymplectic (respectively, an l.c. cosymplectic) manifold
M is almost cosymplectic (respectively, cosymplectic) if and only if ! = 0. If ! has
no singular points, M was termed, by Capursi and Dragomir in [10], strongly non-
cosymplectic.
Assume that (M;; ; ; g) is an l.c. almost cosymplectic manifold. Then the re-
lations in (3.5) are satisfied for a certain 1-form !. For any t, over open set Ut, the
structure (t; t; t; gt) given by (3.4) is almost cosymplectic and dt = !.
Now, we give a proof to the formula (3.3) in [43]. Let r and rt be the Levi-Civita
connections associated with the metrics g and gt, respectively. Setting
XY = rXY  rtXY:
Then, it is easy to see that  is symmetric, that is, XY = YX.
Lemma 3.1.1. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold. Let r and
rt be the Levi-Civita connections associated with the metrics g and gt, respectively.
Then, for any vector fields X and Y on M ,
rtXY = rXY   !(X)Y   !(Y )X + g(X;Y )B; (3.6)
where B is the vector field defined by g(B;X) = !(X).
Proof. Using (3.5), by direct calculation, we get, for any X, Y , Z 2  (TM),
0 = (rtXgt)(Y; Z) = X(gt(Y; Z))  gt(rtXY; Z)  gt(Y;rtXZ)
= exp( 2t)f 2X(t)g(Y; Z) + g(XY; Z) + g(Y; XZ)g: (3.7)
The relation (3.7) becomes
g(XY; Z) + g(Y; XZ) = 2!(X)g(Y; Z): (3.8)
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L.c. almost cosymplectic manifolds 22
A circular permutation in (3.8) gives
g(YZ;X) + g(Z; YX) = 2!(Y )g(Z;X); (3.9)
g(ZX;Y ) + g(X; ZY ) = 2!(Z)g(X;Y ): (3.10)
Putting the pieces above using the operation (3:8)  (3:10) + (3:9), we have
g(XY; Z) = !(X)g(Y; Z) + !(Y )g(Z;X)  !(Z)g(X;Y );
which implies that XY = !(X)Y + !(Y )X   g(X;Y )B; where B is the vector field
defined by g(B;X) = !(X). This completes the proof.
Note that the vector field B defined in Lemma 3.1.1 is explicitly given by B =
grad t, over any Ut.
Let us consider the following tensors N1 and N2 given in [8] by
N1(X;Y ) = [; ](X;Y ) + 2d(X;Y ); (3.11)
N2(X;Y ) = (LX)Y   (LY )X; (3.12)
where [; ] is the Nijenhuis torsion of the tensor field  and L the Lie derivative.
For a general almost contact metric structure (; ; ; g), the covariant derivative
of  is given by
2g((rX)Y; Z) =  X((Y; Z)) + Y ((Z;X) + (X)(Z))  Z((X;Y ))
  ([X;Y ]; Z) + ([X;Y ])(Z) + ([Z;X]; Y )
  g([Y; Z]; X) + (X)(Z; Y ])
+X((Y; Z)) + Y ((X;Z))  Z((Y;X) + (X)(Y ))
+ ([X;Y ]; Z) + g([Z;X]; Y ) + (Y )([Z;X])
  g([Y; Z]; X) + (X)(Z; Y ): (3.13)
Since
2d(Y;X) = Y ((X))  ([Y;X]);
g(N1(Y; Z); X) =  ([Y; Z]; X) + ([Y; Z]; X)
  g([Y; Z]; X)  g([Y; Z]; X);
N2(Y; Z) = Y ((Z))  Z((Y ))  ([Y; Z]) + ([Z; Y ]);
3d(X;Y; Z) = X((Y; Z)) + Y ((Z;X)) + Z((X;Y ))  ([X;Y ]; Z)
  ([Z;X]; Y )  ([Y; Z]; X);
3d(X;Y; Z) = X((Y; Z)) + Y ((Z;X)) + Z((X;Y ))
  ([X;Y ]; Z)  ([Z;X]; Y )  ([Y; Z]; X);
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the relation (3.13) becomes
2g((rX)Y; Z) = 3d(X;Y; Z)  3d(X;Y; Z) + g(N1(Y; Z); X)
+N2(Y; Z)(X) + 2d(Y;X)(Z)  2d(Z;X)(Y ): (3.14)
Note that in view of (3.6), the covariant derivatives rtt and r are related by
(rtXt)Y = (rX)Y   !(Y )X + !(Y )X + g(X;Y )B
  g(X;Y )B: (3.15)
Lemma 3.1.2. [35] For the structure (t; t; t; gt), we have on each Ut,
N1t(X;Y ) = N1(X;Y )  2d(X;Y ); (3.16)
N2t(X;Y ) = exp( t)f!(Y )(X)  !(X)(Y ) +N2(X;Y )g: (3.17)
If (M;; ; ; g) is an l.c. almost cosymplectic manifold, then (t; t; t; gt) is an
almost cosymplectic. That is, dt = 0 and dt = 0. These lead to
2gt((rtXt)Y; Z) = exp( 2t)fg(N1(Y; Z); X)  !(Y )(X)(Z)
+ !(Z)(X)(Y ) +N2(Y; Z)(X)g; (3.18)
which is equivalent to
2g((rtXt)Y; Z) = g(N1(Y; Z); X) +N2(Y; Z)(X)  !(Y )(X)(Z)
+ !(Z)(X)(Y ): (3.19)
Using d = ! ^  in (3.5), N2 becomes N2(Y; Z) = !(Y )(Z)   !(Z)(Y ); and
(3.19) reduces to 2g((rtXt)Y; Z) = g(N1(Y; Z); X). Therefore, we have the follow-
ing lemma.
Lemma 3.1.3. An almost contact metric manifold M is l.c. almost cosymplectic if
and only if there exists a 1-form ! on M such that d! = 0 and
2g((rX)Y; Z) = g(N1(Y; Z); X) + 2!(Y )g(X;Z)  2!(Z)g(X;Y )
  2!(Y )g(X;Z)  2!(Z)g(X;Y ); (3.20)
for any vector fields X, Y and Z on M .
For the covariant derivative r and using (3.20), we have
(r) = B and (r)X = !(X) + (X)B: (3.21)
Let us consider a (1; 1)-tensor field h on M by [43]
hX = rX   !()X + (X)B; (3.22)
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for any X 2  (TM). This leads to
r =  B + !(): (3.23)
Using (3.4) and (3.1.1), we obtain on each Ut, exp( t)rtXt = hX. Note that the
linear operator h is symmetric and satisfies (see [43] for details)
h+ h = 0; h = 0 and trace(h) = 0: (3.24)
The divergence of  is given by
div() = 2m!(): (3.25)
As an example of an l.c. almost cosymplectic manifold, we have the following.
Example 3.1.1. We consider the 5-dimensional manifoldM5 = fp 2 R5jx1 6= 0; z >
0g, where p = (x1; x2; y1; y2; z) are the standard coordinates in R5. The vector fields,
Xi = z
@
@xi
; Yi =
1
z3
@
@yi
;  =
1
x1
@
@z
; for i = 1; 2;
are linearly independent at each point of M . Let g be the Riemannian metric on M
defined by g(Xi; Xj) = g(Yi; Yj) = ij, where ij is the Kronecker symbol, g(Xi; Yj) =
0 and g(; ) = 1. That is, the form of the metric becomes
g =
1
z2
(dx21 + dx
2
2) + z
6(dy21 + dy
2
2) + x
2
1dz
2:
Let  be the 1-form on M defined by  = x1dz. Let  be the (1; 1)-tensor field defined
by, X1 = Y1, X2 =  Y2, Y2 = X2, Y1 =  X1,  = 0. By linearity of  and g,
the relations (4.1) and (4.2) are satisfied on M5. Thus, (; ; ; g) defines an almost
contact metric structure on M5. We note that d = dx1 ^ dz = x1( 1x1dx1 + 1zdz) ^
dz: The non-zero component of the fundamental 2-form  is ( @
@x1
; @
@y1
) =  z2;
and we have  =  z2dx1 ^ dy1. Its differential gives d =  2zdx1 ^ dy1 ^ dz =
 2z2( 1
x1
dx1 +
1
z
dz)^ dx1 ^ dy1: By letting ! = 1x1dx1 + 1zdz, we have, d = ! ^  and
d = 2! ^ . It is easy to see that d! = 0 and the dual vector field B is given by
B = z
x1
X1 +
1
x1z
. Let us consider the open neighborhood U of M given by U = fp 2
M5jx1 > 0g, and there exists a differentiable function  on U such that ! = d, where
 = ln(x1z). By Vaisman’s characterization above-mentioned, (M5; ; ; ; g) is an l.c.
almost cosymplectic manifold. Let r be the Levi-Civita connection with respect to
the metric g. Then, the non-zero Lie brackets are [Xi; ] =   1x1zXi   (2   i) zx1 
and [Yi; ] = 3x1zYi, for i = 1; 2. These lead to r =   zx1X1, rXi =   1x1zXi,
rYi = 3x1zYi, for i = 1; 2. The components of the tensor h defined in (3.22) are given
by h = 0, hXi = 0, hYi = 2x1zYi, for i = 1; 2. Using the fact that g(r(); ) = 0, it
is easy to check that its trace vanishes, that is, trace(h) = 0.
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Next, we investigate the torsion tensor  for an l.c. almost cosymplectic manifold.
This tensor was introduced by Chern and Hamilton [11] and is defined by
g(X; Y ) = (Lg)(X;Y );
for vector fields X, Y on a contact metric manifold (see [21] for details).
The Lie derivative L of g with respect to the vector field  is given by
(Lg)(X;Y ) = 2g(hX; Y ) + 2!()g(X;Y )  !(X)(Y )  !(Y )(X); (3.26)
where h is given by (3.22). Thus, an l.c. almost cosymplectic manifoldM has a tensor
 such that g(X; Y ) = (Lg)(X;Y ); 8X;Y 2  (TM): By (3.26), have
X = 2hX + 2!()X   !(X)   (X)B: (3.27)
Lemma 3.1.4. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold. Then, the
following assertions are equivalent:
(a) The structure vector field  is Killing.
(b) The differential 1-form ! and the operator h vanish.
Proof. Suppose the structure vector field  is Killing. Then, the Lie derivative
(Lg)(X;Y ) = 0;
for any vector fields X and Y on M . The latter implies that the Chern-Hamilton
tensor  vanishes identically on M . Its trace, with respect to an adapted frame
fEig1i2m+1 in TM , gives
2trace(h) + 4m!() = 0:
Since trace(h) = 0 and m  1. Also, for X =  in (3.27), we have B = 0. Hence
! = 0 and h = 0. This means that (a) implies (b), and the conserve is obvious, using
the equation (3.26).
Using Example 3.1.1, the components of the Chern-Hamilton tensor on M5 are
given by X1 = 2x1zX1  zx1 , X2 = 2x1zX2, Y1 = 2x1zY1, Y2 = 2x1zY2 and  =   zx1 .
This means that the vector field structure  = 1
x1
@
@z
of the l.c. almost cosymplectic
manifold M5 in Example 3.1.1 is Killing.
As a consequence to Lemma 3.1.4, we have the following.
Theorem 3.1.1. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold for which
the structure vector field  is Killing. Then M is almost cosymplectic and h vanishes.
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Contrary to Theorem 4.1 in [43] in which compactness and other conditions were
added to derive the result, the Theorem 3.1.1 leads to the same conclusion with
only one condition. The condition, in fact, contains the ones on the Ricci tensor,
the scalar curvatures and the function !(). This can be seen as follows. Let S and
r be the Ricci curvature tensor and the scalar curvature defined, respectively, by
S(X;Y ) =
2mX
i=0
g(R(Ei; X)Y;Ei), r =
2mX
i=0
S(Ei; Ei), respectively, fEig0i2m being
an orthonormal frame with respect to g. In addition, the Ricci -curvature tensor
S and scalar -curvature r, are given by S(X;Y ) =
2mX
i=0
g(R(Ei; X)Y; Ei), r =
2mX
i=0
S(Ei; Ei). The Ricci curvature tensor S and the scalar curvatures r and r of an
l.c. almost cosymplectic manifold satisfies the identities [43, Proposition 4.1]:
S(; ) + jrj2g + div(B) + (2m  1)(!())  jBj2g   (2m  1)(!())2 = 0; (3.28)
r   r + jrj2 + 1
2
jrj2 + (4m  2)div(B) + 2(!())  (4m2   2)jBj2g
  2(!())2 = 0: (3.29)
If  is Killing, by Lemma 3.1.4,B = 0. Hence ! = 0 and this implies S(; )+jrj2g = 0
and r   r + jrj2g + 12 jrj2g = 0 (see [43] for details).
Now, we explore the parallelism of the Chern-Hamilton tensor  . The covariant
derivative of  is given by (rX)Y = rXY   rXY: We have the following.
Lemma 3.1.5. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold. If the ten-
sor  is parallel, then the identity
(2m  1)(!())2 + 2 trace(h2) + jBj2g = (!())  div(B); (3.30)
where jBj2g = g(B;B), holds.
Proof. Let  be the parallel tensor field. Then, for any X, Y 2  (TM), (rX)Y = 0:
That is, rXY = rXY . Putting Y = , one obtains, rX = rX, together with
the following pieces,
rX = rX(!()  B) = X(!()) + !()rX  rXB;
rX = 2hrX + 2!()rX   !(rX)   (rX)B
= 2h2X + 2!()hX   2(X)hB + 2!()rX   !(rX);
one gets
X(!())   !()rX  rXB = 2h2X + 2!()hX   2(X)hB
  !(rX): (3.31)
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Using (3.23), one of the properties of the tensor h in (3.24), the relation (3.25) and an
adapted frame in TM , fEigi with i = 1; 2;    ; (2m + 1) and contracting the above
equation with respect to X, we have,
0 =
2m+1X
i=1
Ei(!())g(; Ei)  !()
2m+1X
i=1
g(rEi; Ei) 
2m+1X
i=1
g(rEiB;Ei)
  2
2m+1X
i=1
g(h2Ei; Ei)  2!()
2m+1X
i=1
g(hEi; Ei) + 2
2m+1X
i=1
(Ei)g(hB;Ei)
+
2m+1X
i=1
!(rEi)g(; Ei)
= (!())  (2m  1)(!())2   div(B)  2 trace(h2)  jBj2g;
where jBj2g = g(B;B). That is, (2m 1)(!())2+2 trace(h2)+jBj2g = (!()) div(B);
which completes the proof.
Suppose  is parallel. Then, putting X =  into (3.31), we have
(!())   !()r  rB =  2hB   !(r):
g-doting this equation with  gives !(r) = 0. This implies that B = !().
Its divergence is div(B) = (!())   2m(!())2 and the relation (3.30) reduces to
trace(h2) = 0. That is h = 0. Therefore, we have the following.
Lemma 3.1.6. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold. If the
Chern-Hamilton tensor  is parallel. Then, the dual vector field B of ! is propor-
tional to  and h = 0.
Theorem 3.1.2. Let (M2m+1; ; ; ; g) be a compact l.c. almost cosymplectic man-
ifold with m > 1 for which the function !() is constant in the direction of . If the
tensor  is parallel, then, the structure vector field is Killing.
Proof. Let
R
be the integral over M with respect to the natural volume element
arising from the metric g. Integrating the relation (3.30), using Green’s Theorem and
(!()) = 0, we have
R
M
f(2m   1)!()2 + 2 trace(h2) + jBj2gg = 0; which implies
B = 0 and h2 = 0. Hence ! = 0 and h = 0. Putting these into (3.26), we complete
the proof.
Theorem 3.1.3. Let (M2m+1; ; ; ; g) be a compact l.c. almost cosymplectic mani-
fold with m > 1 for which the function !() is constant in the direction of  and the
Chern-Hamilton tensor  is parallel. If r = r; then M is cosymplectic.
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Proof. By Theorem 3.1.2, ! = 0 and h = 0. Taking into account this, integrating the
relation (3.29) and using Green’s Theorem, we have
R
M
fr rg = R
M
fjrj2+ 1
2
jrj2g:
Hence, under our assumption, we obtain r = 0 and r = 0. By Lemma 3.1.3, M
is normal and therefore M is cosymplectic.
The natural example of compact cosymplectic manifold is given by the product of
a compact Kähler manifold (V; J; gV ) with the circle S1. The cosymplectic structure
(; ; ; g) on the product manifold M = V S1 is defined  = J  (pr1),  = Ec ,  =
c(pr2)
(), g = (pr1)(h) + c2(pr2)( 
 ), where pr1 : M  ! V and pr2 : M  ! S1
are projections of V  S1 onto the first and the second factor respectively,  is the
length element of S1, E is its dual vector field and c is a real number, c 6= 0 (see [14]
for more details).
3.2 Classes of l.c. almost cosymplectic Manifolds
This section deals with some subclasses of the class of l.c. almost cosymplectic man-
ifolds by particularly paying attention to those in which the smooth 1-form ! is
proportional to the contact structure .
Let (M;; ; ; g) be an l.c. almost cosymplectic manifold. Then, by identities
(2.7) and (2.11) from [43], on each Ut, we have,
(rttXt)tY + (rtXt)Y =  t(Y )trtXt: (3.32)
In [43], Olszak observed the following:
Theorem 3.2.1 (Olszak [43]). For an almost contact metric manifold M , the fol-
lowing conditions are mutually equivalent:
(a) the manifold is normal l.c. almost cosymplectic,
(b) the manifold is l.c. cosymplectic with ! = f,
(c) (rX)Y = ffg(X; Y )   (Y )Xg,
where f is function such df ^  = 0.
Now, let us comment on the Theorem 3.2.1. If M is normal, then the structure
(t; t; t; gt) given in (3.4) is normal for each t. In this theorem, the condition “! is
proportional to the contact form  ( i.e. ! = f)” plays an important role. This has
permitted Olszak to observe that the tensors N1t and N1 of structures (t; t; t; gt)
and (; ; ; g), respectively, in (3.16), are equal. If M is normal l.c. almost cosym-
plectic, then h = 0 and B = f. In fact, he made use of the identity
rX = rX; 8X 2  (TM); (3.33)
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which is satisfied by a normal almost contact metric manifold. The function f can
specifically be found as follows. From the equation (3.33), we have
!()X = !()X + (X)B:
This implies that B = (B), i.e., f = (B) = !().
Now, suppose ! 6= f. If M is normal l.c. almost cosymplectic, then N1t = 0 and
using (3.11), the relation (3.16) reduces to [; ] = 0: This leads to
0 = [; ](X; ) = 2[X; ]  [X; ] =  rX   (rX) + (r)X: (3.34)
That is
(rX) =  rX + (r)X:
Applying  to this and using the second equation in (3.21), one obtains rX =
rX + (X)B: This generalizes the relations given in (3.33), and together with
(3.22), we obtain hX = 0. The latter confirms what Olszak said in [43, p. 76], that
is, h = 0 if M is l.c. cosymplectic, that is if M is normal l.c. almost cosymplectic.
Can an l.c. almost cosymplectic admit a 1-form ! that is proportional to ?
The answer is affirmative. Next we list some cases where this occurs.
First of all we start with a remark. Let [X;Y ]t = rtXY  rtYX on each Ut. Using
(3.6), one obtains
[X;Y ]t = rtXY  rtYX = rXY  rYX = [X;Y ]:
This means that, on each Ut, [ ; ]t = [ ; ].
Let eh be the tensor field associated to the structure (; ; ; g) and defined in [8,
page 84] by eh = 1
2
L: (3.35)
Its (t; t; t; gt)-structure associated tensor field is denoted by eht and given, on each
Ut, by ehtX = 1
2
(Lt)X:
Then, we have
2ehtX = (Lt)X = [t; X]t   [t; X]t: (3.36)
A direct calculation of the right-hand side of (3.36) gives
[t; X]t   [t; X]t = rttX  rtXt   rttX + rtXt
= (rtt)X + 2 exp(t)hX: (3.37)
From (3.36) and (3.37), we obtain
ehtX = 1
2
(rtt)X + exp(t)hX: (3.38)
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By the definition of l.c. almost cosymplectic, the structure (t; t; t; gt) satisfies the
relations (2.10) and (2.11) given in [44]. That is,
rtt = 0 and rtXt =  rtXt:
The relation (3.38) becomes ehtX = exp(t)hX: It is easy to check that eht inherits
the properties of h, that is, it is a symmetric operator and satisfieseht+ eht = 0; ehtt = 0 and trace(eht) = 0:
A direct calculation of (3.36) gives
2ehtX = t(X)  X(t)  (t(X) X(t))
=  !(X)t + 2 exp(t)ehX: (3.39)
From (3.38) and (3.39), one obtains ehX = 1
2
!(X) + hX: It is easy to see that
trace(eh) = 0, eh = 0 and
ehX + ehX = 1
2
f!()(X)  !(X)g; (3.40)
g(ehX; Y )  g(X;ehY ) = 1
2
f!(X)(Y )  !(Y )(X)g:
Lemma 3.2.1. On an almost contact metric manifold M , eh is not a symmetric
operator,
rX = !()X   (X)B + ehX;
for any vector field X on M , eh does not anticommute with , and trace(eh) = 0.
We have the following.
Lemma 3.2.2. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold. Then eh+
eh = 0 and eh is a symmetric operator if and only if there exists a smooth function f
on M such that ! = f with df ^  = 0 and eh = h.
Another condition in which an l.c. almost cosymplectic manifold admits a 1-form
! that is proportional to  is as follows.
Let D := ker  be the contact distribution and D? be the distribution spanned
the structure vector field . Then, we have the following decomposition
TM = D D?; (3.41)
where  denotes the orthogonal direct sum. By the decomposition (3.41), any X 2
 (TM) is written as
X = QX +Q?X; (3.42)
where Q and Q? are the projection morphisms of TM into D and D?, respectively.
Here, it is easy to see that Q?X = (X) and X = QX + (X).
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Lemma 3.2.3. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold. Then the
contact distribution D defines on M a foliation F of codimension 1.
Proof. Let X, Y 2  (D). Then, (X) = (Y ) = 0 and
([X;Y ]) =  2(! ^ )(X;Y ) = !(Y )(X)  !(X)(Y ) = 0:
This means that [X;Y ] 2  (D), i.e, the contact distribution D is integrable.
Let F be a foliation on an l.c. almost cosymplectic manifold (M;; ; ; g) of codi-
mension 1. The metric g is said to be bundle-like for the foliation F if the induced
metric on the transversal distribution D? is parallel with respect to the intrinsic con-
nection onD?. This is true if and only if the Levi-Civita connectionr of (M;; ; ; g)
satisfies (see [7] and [47] for more details):
g(rQ?YQX;Q?Z) + g(rQ?ZQX;Q?Y ) = 0; (3.43)
for any X, Y , Z 2  (TM). If for a given foliation F, the Riemannian metric g on M
is bundle-like for F, then we say that F is a Riemannian foliation on (M;; ; ; g).
Let F? be the orthogonal complementary foliation generated by . Now we pro-
vide necessary and sufficient conditions for the metric on an l.c. almost cosymplectic
manifold to be bundle-like for foliations F and F?.
Theorem 3.2.2. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold and let F
be a foliation on M of codimension 1. Then the following assertions are equivalent:
(i) The metric g on M is bundle-like for the foliation F.
(ii) The dual vector field B of ! has a no components along D.
Proof. Using (3.23), for anyX, Y , Z 2  (TM), we haveQ?Y = (Y ),Q?Z = (Z)
and the left-hand side of (3.43) gives
g(rQ?YQX;Q?Z) + g(rQ?ZQX;Q?Y ) = 2(Y )(Z)!(QX);
for which the equivalence follows.
As an example, we have the following.
Example 3.2.1. We consider the 5-dimensional manifold fM5 = fp 2 R5jz 6= 0g,
where p = (x1; x2; y1; y2; z) are the standard coordinates in R5. The vector fields,
ei = z
@
@xi
; "i =
1
z3
@
@yi
;  =
@
@z
; for i = 1; 2;
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are linearly independent at each point of fM5. Let g be the Riemannian metric on fM5
defined by g(ei; ej) = g("i; "j) = ij, where ij is the Kronecker symbol, g(ei; "i) = 0
and g(; ) = 1. That is, the form of the metric becomes
g =
1
z2
(dx21 + dx
2
2) + z
6(dy21 + dy
2
2) + dz
2:
Let  be the 1-form on fM5 defined by  = dz. Then, d = 0. Let  be the (1; 1)-tensor
field defined by, e1 = "1, e2 =  "2, "2 = e2, "1 =  e1,  = 0. By linearity of 
and g, (4.1) and (4.2) are satisfied on fM5. Thus, (; ; ; g) defines an almost contact
metric structure on fM5. The non-zero component of the 2-form  is
(
@
@x1
;
@
@y1
) =  z2;
and we have  =  z2dx1 ^ dy1. Its differential gives
d =  2zdx1 ^ dy1 ^ dz =  2z2(1
z
dz) ^ dx1 ^ dy1:
Letting ! = 1
z
dz = 1
z
, we have, d! = 0 and d = 2! ^ . It is easy to see
that d! = 0 and the dual vector field B is given by B = 1
z
. That is, !() = 1
z
.
Let us consider the open neighborhood U of fM5 given by U = fp 2 M5jz > 0g,
and there exists a differentiable function  on U such that ! = d, where  =
ln(z). Again, by Vaisman’s characterization above-mentioned, (fM5; ; ; ; g) is an
l.c. almost cosymplectic manifold with ! = 1
z
. Let r be the Levi-Civita connection
with respect to the metric g. Then, the non-zero Lie brackets are [ei; ] =  1zei and
["i; ] =
3
z
"i, for i = 1; 2, and the action of r on fei; "; g is given by r = 0,
rei =  1zei and r"i = 3z"i, for i = 1; 2. The components of the tensor h defined
in (3.22) are given by h = 0, hei =  2zei, h"i = 2z"i, for i = 1; 2. Let D be the
contact distribution of fM5. Then D = ker . Since we need vector fields which are
orthogonal to , and g(ei; ) = g("i; ) = 0, for i = 1; 2, we have D = Spanfei; "igi=1;2.
Let X and Y be two vector fields of D. Then X = 1e1 + 2e2 + 1"1 + 2"2 and
Y = 1e1+2e2+

1"1+

2"2. We have g(rX; Y ) = g(rY ;X) =  1z (11+11)+
3
z
(1

1+

2

2). Since ([X;Y ]) = g(rX; Y ) g(rY ;X) = 0, that is, [X;Y ] 2  (D).
This means that the distribution D is integrable and therefore admits a foliation F.
Since g(rX; ) =  g(X;r) = 0, then the metric g on fM5 is bundle-like for the
foliation F.
For any X, Y , Z 2  (TM), using (3.26) and the fact that h is symmetric and
g(rQYQ?X;QZ) = (X)fg(hQY;QZ) + !()g(QY;QZ)g; (3.44)
we have
g(rQYQ?X;QZ) + g(rQZQ?X;QY ) = 2(X)fg(hQY;QZ)
+ 2!()g(QY;QZ): (3.45)
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Using the Lie derivative in (3.26), one obtains
g(rQYQ?X;QZ) + g(rQZQ?X;QY ) = 2(X)(Lg)(QY;QZ): (3.46)
We have therefore the following.
Theorem 3.2.3. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold and let F
be a foliation on M of codimension 1. Then the following assertions are equivalent:
(a) The metric g on M is bundle-like for the canonical totally real foliation F?.
(b) The structure vector field  is D-Killing (i.e. D? is D-Killing distribution).
Let M 0 be a leaf of the distribution D. Since M 0 is a submanifold of M and for
any X, Y 2  (TM 0), we have
rXY = r0XY + (X;Y ); (3.47)
rX =  AX +r0?X; (3.48)
where r0 and  are the Levi-Civita connection and the second fundamental form of
M 0, respectively. On the other hand, since  is a unit normal vector field, we have
g(rX; ) = 0, hence r0?X = 0, for any X 2  (TM 0). Therefore, the Weingartem
formula (3.48) becomes
rX =  AX:
Proposition 3.2.1. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold. Then,
integral manifolds of the distribution D in (3.41) are l.c. almost Kähler manifolds with
mean curvature vector field H 0 =  !(). They are totally umbilical submanifolds of
M if and only if the operator h vanishes.
Proof. Let M 0 be an integral manifold of D. The tensor fields t and gt induce an
almost complex structure Jt = J and a Hermitian metric g0t on M 0. Then, for any X,
Y 2  (TM 0), we have 0t(X;Y ) = g0t(X; JtY ) = gt(X;tY ) = t(X;Y ) and d0t =
(dt)jM 0 = 0, so M 0 is an l.c. almost Kähler. Using (3.47), the second fundamental
form of M 0 gives
(X;Y ) = g(AX;Y ) =  g(hX; Y )   !()g(X;Y ): (3.49)
Fixing a local orthonormal frame fe1;    ; en; e1;    ; eng in TM 0 and applying the
properties on h, one has,
H =
1
rank(D)
f
nX
i=1
(ei; ei) +
nX
i=1
(ei; ei)g =  !():
The last assertion follows and this completes the proof.
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This result can be extended to the foliation F?. That is, if h = !() = 0,
g(rXY; ) = 0. This means that the foliation F? is Riemannian. Therefore, h = 0, the
leaves of F are totally geodesic if and only if the orthogonal complementary foliation
F? generated by  is Riemannian.
On each Ut \M 0, the Gauss and Weingartem formulas are given by
rtXY = r0tXY + t(X;Y ); (3.50)
rtXt =  AtX; (3.51)
where gt(t(X;Y ); t) = gt(AtX;Y ), that is, t(X;Y ) = gt(AtX;Y )t. However,
t(X;Y ) = gt(AtX;Y )t = g(AX;Y ) = (X;Y ): (3.52)
For any X, Y 2  (TM 0), and using (3.6) and (3.47), we have
(r0tXJ)Y = r0tXJY   J(r0tXY ) = rtXY   (X;Y )  (rtXY )
= (rX)Y   !(Y )X + !(Y )X + g(X;Y )B
  g(X;Y )B   g(AX;Y ): (3.53)
If the integral manifold M 0 is l.c. Kähler, then, (r0tXJ)Y = 0 and we have
(rX)Y = !(Y )X   !(Y )X   g(X;Y )B + g(X;Y )B
+ g(AX;Y ); (3.54)
for any X, Y 2  (TM 0). Therefore, if the foliation F has locally conformal Kähler
leaves, then for any X, Y 2  (TM), the vector fields X   (X), Y   (Y ) and
B   (B) belong to D and using (3.21) and (3.23), we have
(rX (X))(Y   (Y )) = (rX)Y   (Y )AX   (X)!(Y );
g(A(X   (X)); Y ) = g(AX;Y )  (X)!(Y ):
Putting these pieces into (3.54) and taking into account the following relations
!((Y   (Y )))(X   (X)) = !(Y )X   (X)!(Y );
!(Y   (Y ))(X   (X)) = !(Y )X   (Y )!()X;
g(X   (X); (Y   (Y ))) = g(X;Y );
g(X   (X); Y   (Y )) = g(X;Y )  (X)(Y );
one obtains,
(rX)Y =  g(AX;Y ) + (Y )AX + !(Y )X + f(Y )!()  !(Y )gX
  g(X;Y )fB   !()g   (X)!(Y ):
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Proposition 3.2.2. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold. Then
the distribution D in (3.41) has locally conformal Kähler leaves if and only if
(rX)Y =  g(AX;Y ) + (Y )AX + !(Y )X + f(Y )!()  !(Y )gX
  g(X;Y )fB   !()g   (X)!(Y ); (3.55)
for any X, Y 2  (TM).
When the differential 1-form ! is reduced to ! = f, where f is a function such
that df ^  = 0, then M becomes an almost f -cosymplectic manifold [1] and the
relation (3.55) for any leaves of M to be Kählerian becomes
(rX)Y =  g(AX;Y ) + (Y )AX;
for any X, Y 2  (TM). The latter relation is exactly the one find by Aktan et al in
[1, Proposition 6]. We have the following.
Theorem 3.2.4. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold and let
F be a foliation on M of codimension 1. If the metric g on M is bundle-like for the
foliation F, then the leaves of F are almost Kähler.
Moreover, if M is normal, then the leaves of F are Kähler and totally umbilical.
Proof. Let F be a foliation on an l.c. almost cosymplectic manifoldM of codimension
1. If the metric g on M is bundle-like for the foliation F, then, by Theorem 3.2.2, the
dual vector field B of ! is proportional to , that is, B = !(). This means that M
becomes an almost f -cosymplectic manifold with f = !() and the leaves of F are
almost Kähler.
If the structure is normal, then h = 0 and the tensor N1 in (3.11) vanishes. By
the equality
N1(X;Y ) = [; ](X;Y ) = 
2[X;Y ] + [X; Y ]  [X; Y ]  [X;Y ]
= [J; J ](X;Y );
and by Proposition 3.2.1, we complete the proof.
We finally have the following result.
Theorem 3.2.5. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold and let
F be a foliation on M of codimension 1. If the Chern-Hamilton tensor  is parallel.
Then,
(i) (M;; ; ; g) is an almost !()- cosymplectic manifold.
(ii) (M;; ; ; g) is a !()- cosymplectic manifold if and only if leaves of F are
Kähler.
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(iii) The foliation F is Riemannian and totally geodesic.
(iv) The foliation F? is Riemannian
As an example, we have the following.
Example 3.2.2. Let fM5 be the 5-dimensional manifold defined in Example 3.2.1.
That is fM5 = fp 2 R5jz 6= 0g, where p = (x1; x2; y1; y2; z) are the standard coordi-
nates in R5. The vector fields,
ei = z
@
@xi
; #i = z
@
@yi
;  =
@
@z
; for i = 1; 2;
are linearly independent at each point of fM5. Let g be the Riemannian metric on fM5
defined by g(ei; ej) = g(#i; #j) = ij, where ij is the Kronecker symbol, g(ei; #i) = 0
and g(; ) = 1. That is, the form of the metric becomes
g =
1
z2
(dx21 + dx
2
2 + dy
2
1 + dy
2
2) + dz
2:
Let  be the 1-form on fM5 defined by  = dz. Obviously, d = 0. Let  be the
(1; 1)-tensor field defined by, e1 = #1, e2 =  #2, #2 = e2, #1 =  e1,  = 0. By
linearity of  and g, the relations (4.1) and (4.2) are satisfied on fM5. Thus, (; ; ; g)
defines an almost contact metric structure on fM5. The non-zero component of the
fundamental 2-form  is ( @
@x1
; @
@y1
) =   1
z2
; and we have  =   1
z2
dx1 ^ dy1. Its
differential gives
d = 2
1
z3
dx1 ^ dy1 ^ dz =  2 1
z2
dx1 ^ dy1 ^ ( 1
z
dz): (3.56)
Letting ! =  1
z
dz =  1
z
, we have, d! = 0 and d = 2! ^ . It is easy to see that
d! = 0 and the dual vector field B is given by B =  1
z
. That is, !() =  1
z
. Let
us consider the open neighborhood U of fM5 given by U = fp 2 M5jz > 0g, and
there exists a differentiable function  on U such that ! = d, where  =   ln(z). By
Vaisman’s characterization above-mentioned, (fM5; ; ; ; g) is an l.c. almost cosym-
plectic manifold with ! =  1
z
. Let r be the Levi-Civita connection with respect to
the metric g. Then, the non-zero Lie brackets are [ei; ] =  1zei and [#i; ] =  1z"i,
for i = 1; 2, and the action of r on the elements of the basic fei; "i; g is given by
reiei =  
1
z
; r#i#i =  
1
z
; r = 0; rei =  
1
z
ei and r"i =  
1
z
"i;
for i = 1; 2. The components of the (1; 1)-tensor h defined in (3.22) are given by
h = 0, hei = h#i = 0, for i = 1; 2. It can be noted that Nijenhuis torsion tensor of
 defined in (3.56) is zero. By Theorem 3.2.1, (fM5; ; ; ; g) is an l.c. cosymplectic
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manifold with ! =  1
z
. Let D be the contact distribution of fM5. Then D = ker .
Since we need vector fields which are orthogonal to , and g(ei; ) = g(#i; ) = 0,
for i = 1; 2, we have D = Spanfei; #igi=1;2. It is easy to see that D is integrable and
(rei)ei = (r#i)#i = (rei)#i = 0. This means that the leaves of D are Kähler
and totally umbilical with mean curvature vector field H = 1
z
. Since g(rX; ) =
 g(X;r) = 0, then the metric g on fM5 is bundle-like for the foliation F. Therefore
F is Riemannian and totally geodesic, and F? is Riemannian.
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Chapter Four
Indefinite locally conformal
almost Cosymplectic manifolds
This chapter is focused on foliations of indefinite l.c. almost cosymplectic manifolds.
In the first section we define the canonical foliations F which generally derived from
the Pfaffian equation ! = 0. The rest of the chapter is, respectively devoted to the
geometry of non-tangential leaves of foliation F and the higher order geodesibility of
leaves of F via the Newton transformations.
4.1 Indefinite l.c. almost Cosymplectic manifolds
Let M be a (2m + 1)-dimensional almost contact manifold endowed with an almost
contact metric structure (; ; ), where  is tensor field of type (1; 1) on M , a vector
field  and a 1-form  satisfying the following relations
2 =  I+  
 ; () = 1;  = 0;  = 0: (4.1)
Then the structure (; ; ; g) is called an indefinite almost contact metric structure
on M if (; ; ) is an almost contact structure on M and g is a semi-Riemannian
metric on M such that
g(X; Y ) = g(X;Y )  (X)(Y ); (4.2)
for any vector fields X and Y on M . In this case, we call M an indefinite almost
contact manifold.
As an example of an indefinite l. c. almost cosymplectic manifold, we have the
following.
Example 4.1.1. Consider M9 a 9-dimensional semi-Riemannian manifold
M9 = fp 2 R9jx1 > 1; y1 > 1g;
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where p = (x1; x2; x3; x4; y1; y2; y3; y4; z) are the standard coordinates in R9. The vec-
tors fields
X1 = e
 z x1y1f@x1 + @y1g; X2 = e z x1y1f@x2 + @y2g; X3 = e z x1y1@x3;
X4 = e
 z x1y1@x4; Y1 = e z x1y1f@x1   @y1g; Y2 = e z x1y1f@x2   @y2g;
Y3 =  e z x1y1@y3; Y4 =  e z x1y1@y4; Z = e z x1y1@z;
are linearly independent at each point of M9. Let g be the indefinite metric on M9
defined by g(Xi; Xi) = g(Yi; Yi) =  1, for i = 1; 2 and g(Xi; Xi) = g(Yi; Yi) = 1,
for i = 3; 4, g(Xi; Yj) = 0 and g(; ) = 1. Let  be the 1-form on M9 defined
by  = ez+x1y1dz, then the structure vector field is  = e z x1y1@z. Let  be the
(1; 1)-tensor field defined by,
X1 =  Y1; Y1 = X1; X2 =  Y2; Y2 = X2; X3 = Y3;
Y3 =  X3; X4 = Y4; Y4 =  X4;  = 0:
By linearity of  and g, the relations (4.2) are satisfied thus, (; ; ; g) defines an
almost contact metric structure on M9. We have also
d = ez+x1y1fy1dx1 ^ dz + x1dy1 ^ dzg:
By straightforward calculations we obtain
 = e2(z+x1y1)f1
2
dx1 ^ dy1 + 1
2
dx2 ^ dy2 + dx3 ^ dy3 + dx4 ^ dy4g:
By letting ! = y1dx1+x1dy1+ dz, we have d = !^  and d = 2!^ and d! = 0,
which show that (M9; ; ; ; g) is an l.c. almost cosymplectic manifold with the dual
vector field B of ! given by B = e 2(z+x1y1)fy1
2
@x1 + x1@y1 + @zg.
Let M be a (2n + 1)-dimensional indefinite l. c. almost cosymplectic manifold of
index q, 0 < q < 2n + 1. Let us set c = g(B;B) 2 C1(M) and Sign(B) = fx 2 M :
Bx = 0g. Note that c and Sing(B) determine the causal character of B, so it may be
c = 0 and Sing(B) = ; when B is null.
From now on, the characteristic 1-form ! given in (3.5) does not vanish, unless
otherwise started.
Since M is an l.c. almost cosymplectic, it admits a canonical foliation F of codi-
mension r whose leaves are the maximal connected integral manifolds of the Pfaffian
equation ! = 0 (see [10] for details and references therein).
Let (TF)c be the complementary distribution to TF in TM . Then, its dimension
is r.
First, assume that c = g(B;B) 6= 0. Then, it is easy to see that the index of each
leaf L of F is given by
ind(L) = q   s;
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where s = ind((TF)c) with 0  s  r.
Now we assume that c = 0. Then B 2 TF. Set
Rad(TF)x = (TF)x \ (TF?)x; x 2M:
It is easy to see that B 2 Rad(TF). Let S(TF) be a distribution on M9 such that
TF = S(TF) ? Rad(TF): (4.3)
The screen distribution S(TF) is seen as the complementary bundle of Rad(TF) in
TF. It is then a rank (n  p  dimRRad(TF)) non-degenerate distribution over F. In
fact, there are infinitely many possibilities of choices for such a distribution provided
the foliation F is paracompact, but each of them is canonically isomorphic to the
factor vector bundle TF=Rad(TF).
Case 1 : If !() = 0, i.e.,  2 TF and using (4.2), one has g(B; B) = g(B;B) 
!()2 = 0; and since g(B;B) = 0, the vector field B belongs to TF and is also null
and it may be in the radical distribution or not.
As the structure vector field  belongs to TF, we assume that  2 S(TF):
If r = 1, then by Proposition 2.2 in [18] dimR(Rad(TF))x = 1, for any x 2M . Let
RB be the line bundle spanned by the vector field B. Since Sign(B) = ;, we have
Rad(TF) = RB. Also B =2 Rad(TF) which means that B 2 S(TF). Therefore L is
a null hypersurface immersed in (M; g). Let S(TF)? be an orthogonal complementary
vector bundle to S(TF) in TM jF. Consider a complementary vector bundle F of RB
in S(TF)? and take V 2  (F jU) a locally non-zero section defined on the open subset
U M . Then !(V ) 6= 0, otherwise S(TF)? would be degenerate at a point of U (see
[18, p. 79] for more details). We define on U a vector field
NV =
1
!(V )

V   g(V; V )
2!(V )
B

: (4.4)
It is easy to see that
!(NV ) = 1 and g(NV ; NV ) = g(NV ;W ) = 0; (4.5)
for any W 2  (S(TF)jU). If we consider another coordinate neighborhood U  M
such that U \ U 6= ;. As both RB and F are vector bundles over F of rank 1,
we have B = B and V  = V , where  and  are non-zero smooth functions
on U \ U. It follows that NV  is related with NV on U \ U by NV  = (1=)NV .
Therefore, the vector bundle F induces a vector bundle tr(TF) of rank 1 over F
such that, locally, the equations in (4.5) are satisfied. Finally, we consider another
complementary vector bundle E to RB in S(TF)? and by using (4.4), for both F
and E, we obtain the same tr(TF). As g(NV ; NV ) = 0, we have NV 2 S(TF).
From (4.2), we have g(NV ; B) = 1. Therefore, fRBRNV g (direct sum but not
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orthogonal) is a non-degenerate vector subbundle of S(TF) of rank 2. Since  2 S(TF)
and g(NV ; ) = g(B; ) = 0, there exists a non-degenerate invariant distribution
D0 of rank 2n  4 such that
S(TF) = fRB  RNV g ? D0 ? R; (4.6)
and the tangent space of F is decomposed as follows:
TF = fRB  RNV g ? D0 ? R ? RB: (4.7)
If r > 1, then the radical Rad(TF) is of rank p with 1  p < minf2n+ 1  r; rg and
L is a p-null submanifold.
Case 2 : If !() 6= 0, i.e.,  =2 TF. Therefore, L is a null submanifold immersed in
M . This holds even when B =2 Rad(TF). In this case,  takes the form
 = TF + tr(TF);
where TF and tr(TF) are the tangential and transversal components of  in M , re-
spectively. But if B 2 Rad(TF), then r  2 and there exists a distribution D2 of k
with 0  k < minf2n+ 1  r; rg in TF such that
Rad(TF) = D1 D2; (4.8)
where D1 = fB; Bg. This means D1 is invariant under . By Lemma 1.2 given
in [18, p. 142], we have the following. Choose a screen transversal bundle S(TF?),
which is semi-Riemannian and complementary to Rad(F) in TF?. Since, for any
local basis fE0 = B;E1 = B;Ekg of Rad(TF), there exists a local null frame
fN0; N1 = N0; Nkg of sections with values in the orthogonal complement of S(TM?)
in S(TM)? such that g(Ei; Nj) = ij, it follows that there exists a null transversal
vector bundle ltr(TF) locally spanned by fN0; N1 = N0; Nkg [18]. Then,
tr(TF) = ltr(TF) ? S(TF?); (4.9)
TM = S(TF) ? S(TF?) ? fRad(TF) ltr(TF)g: (4.10)
It is easy to check that D2  S(TF). The latter means there exists a subbundle L2 of
rank k in ltr(TF) such that L2  S(TF). Also there exists a subbundle S in S(TF?)
such that S  S(TF). The bundle fD2  L2  Sg is a subbundle of S(TF) of
rank at least 2. Therefore there exists a non-degenerate invariant distribution D0 of
even rank such that
S(TF) = fD2  L2  Sg ? D0: (4.11)
Thus, in this case, L is a quasi generalized CR-null submanifold immersed in M
(see [36] for more details of quasi generalized CR concept). Therefore, we have the
following theorem.
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Theorem 4.1.1. Let M be a (2n+1)-dimensional indefinite l.c. almost cosymplectic
manifold of index q, where 0 < q < 2n+ 1 with Sign(B) = ;. Then
(i) If c 6= 0, then the index of each leaf L of F is given by ind(L) = q   s; where
s = ind((TF)c) with 0  s  r. Moreover, L is totally geodesic r codimensional
semi-Riemannian submanifold of (M; g) if and only if the Lee form ! is parallel.
(ii) If c = 0, then each leaf of F is either a null hypersurface or a quasi generalized
CR-null submanifold of (M; g).
The Example 4.1.1 shows that c = g(B;B) = 1
2
e 2(z+x1y1)f 2x21   y21 + 2g; which
is always different from zero, since  2x21   y21 + 2 6= 0, for x1 > 0 and y1 > 0. The
item (ii) in Theorem 4.1.1 is supported by the following example.
Example 4.1.2. Consider M7 a 7-dimensional semi-Riemannian manifold
M7 = fp 2 R7jx1 > 0; y3 > 0g;
where p = (x1; x2; x3; y1; y2; y3; z) are the standard coordinates in R7. The vectors
fields
X1 =
1
x1 + y3
@x1; Y1 =
1
x1 + y3
@y1; X2 =
1
x1 + y3
@x2; Y2 =
1
x1 + y3
@y2;
X3 =
1
x1 + y3
@x3; Y3 =   1
x1 + y3
@y3; Z =
1
x1 + y3
@z;
are linearly independent at each point of M7. Let g be the indefinite metric on M7
defined by g(Xi; Xj) = g(Yi; Yj) =  i;j for any i; j = 1; 2, g(X3; X3) = g(Y3; Y3) = 1,
g(; ) = 1, g(Xl; Xk) = g(Yl; Yk) = 0, for all l 6= k; l; k = 1; 2;    ; 7. Let  be
the 1-form on M7 defined by  = (x1 + y3)dz and the structure vector field given by
 = 1
x1+y3
@z. Let  be the (1; 1)-tensor field defined by, X1 =  Y1; Y1 = X1; X2 =
 Y2; Y2 = X2; X3 = Y3; Y3 =  X3; X4 = Y4; Y4 =  X4;  = 0: By linearity
of  and g the quadruplet (; ; ; g) defines an almost contact metric structure on
M7. Take  = ln(x1 + y3). It follows that ! = 1x1+y3 (dx1 + dy3), then clearly we have
d = ! ^ . The 2-form fundamental is given by
 = (x1 + y3)
2f dx1 ^ dy1   dx2 ^ dy2 + dx3 ^ dy3g;
which satisfies d = 2! ^ . The Lee vector field (i.e. the dual vector field of !) is
given by B = 1
(x1+y3)2
(X1 + Y3). It follows that c = g(B;B) = 0 and thus B is a null
vector field. It is easy to see that !() = 0 and for p 2 M7, the distribution Dp =
fX 2 TpM7 : !(X) = 0g is spanned by fX2; X3; Y1; Y2; B; g. The non-vanishing
components of the Lie brackets are [X2;3; B] = 2(x1+y3)4X2;3 and [Y1;2; B] =
2
(x1+y3)4
Y1;2,
which prove that the distribution D is integrable and therefore admits a foliation F
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whose leaves are null hypersurfaces immersed in M7. In this case the anti-Lee vector
field V =  B = 1
(x1+y3)2
fX3   Y1g 2 TF. The transversal vector field is given by
N = 1
2
(x1 + y3)
2f X1 + Y3g.
Note that if the ambient space M is an indefinite l.c. cosymplectic manifold, then
h = 0 and B = !() (see [34] and [43]). In this case the condition c = 0 implies
!() = 0. Therefore, we have the following.
Lemma 4.1.1. There exist no null hypersurfaces immersed in an indefinite l.c.
cosymplectic manifold with Sign(B) = ; such that c = 0 and !() 6= 0.
From now on, we consider the leaf L of the foliation F to be a null hypersurface
immersed in M with Sign(B) = ; such that c = 0 and !() 6= 0 (Theorem 4.1.1).
According to the terminology in [18, p. 79], the portion of tr(TF) over a leaf L
of F is the null transversal vector bundle of L with respect to the screen distribution
S(TF)jL (see [17] for more details). By definition of null hypersurface, (4.9) and
(4.10), we obtain the decomposition
TM = S(TF) ? fTF?  tr(TF)g = TF  tr(TF): (4.12)
Let tan : TM  ! TF and tra : TM  ! tr(TF) be the projections associated with
(4.12). We set
rFXY = tan(rXY ); H(X;Y ) = tra(rXY )
AVX =  tan(rXV ); rtrXV = tra(rXV );
for any X, Y 2 TF and any V 2 tr(TF). Then rF is a connection in TF  !M , H
is a symmetric tr(TF)-valued bilinear form on TF, AV is an endomorphism of TF,
and rtra is a connection in tr(TF)  !M . Then, the Gauss and Weingarten formulas
of F in (M; g) are giving by
rXY = rFXY +H(X;Y ); rXV =  AVX +rtrXV: (4.13)
Similarly, if P denotes the projection morphism of TF onto S(TF) with respect to
the decomposition (4.3), we obtain
rFXPY = rFX PY +H(X;PY ); rFXU =  AUX  rtrX U: (4.14)
The details given in [18, p. 83 and 85] show clearly that the pointwise restrictions
of rF, rtr, H and AV to a leaf L of the foliation F are respectively the induced
connections, the second fundamental form and the shape operator of L in (M; g). The
pointwise restrictions of rF, H and AU to L are respectively the linear connection,
the second fundamental form and the shape operator on the vector bundle S(TL)  !
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L, while the pointwise restriction of rtr to L is linear of connection on the vector
bundle TL?  ! L.
Keeping the same notations of geometric objects above for the pointwise restric-
tions to a leaf L of F, and locally supposing fB;Ng is a pair of sections on a co-
ordinate neighborhood U \ L  L (see [18, Theorem 1.1, p. 79], then the local
Gauss-Weingarten equations of F are given by
rXY = rFXY +B(X;Y )N; rXN =  ANX + (X)N; (4.15)
rFXPY = rFX PY + C(X;PY )B; rFXB =  ABX   (X)B; (4.16)
for all B 2  (TL?), N 2  (tr(TL)), where B and C are the local second fundamental
forms of L and S(TL), respectively, and  is a differential 1-form on L. Notice that
rF is a metric connection on S(TL) while rF is generally not a metric connection
and satisfies the following relation
(rFXg)(Y; Z) = B(X;Y )(Z) +B(X;Z)(Y ); (4.17)
for allX;Y; Z 2  (TF), where  is a 1-form on L given () = g(; N). It is well-known
from [18] that B is independent of the choice of S(TL) and it satisfy
B(X;B) = 0; X 2  (TL): (4.18)
The local second fundamental forms B and C are related to their shape operators
by the following equations g(ABX;Y ) = B(X;Y ), g(ABX;N) = 0, g(ANX;PY ) =
C(X;PY ) and g(ANX;N) = 0, for all X;Y 2  (TL). Note that AB is S(TF)-valued,
self-adjoint and satisfies ABB = 0.
In this case,  is decomposed as follows.
 = S + aB + bN; (4.19)
where S denotes the component of  on S(TL) while a and b are non-zero smooth
functions on M . If S = 0, then L is called an ascreen null hypersurface [27].
Theorem 4.1.2. Let L be a leaf of a foliation F in an l.c. almost cosymplectic
manifold M such that c = 0 and !() 6= 0. Then L is an ascreen null hypersurface of
F if and only if Rad(TF) = ltr(TF).
Proof. The proof follows from a straightforward calculation.
Example 4.1.3. Consider M a 7-dimensional semi-Riemannian manifold
M = fp 2 R7jx1 > 0; y1 > 0; z > 0g;
with a metric of signature ( ;+;+; ;+;+;+) with respect to the canonical basis
f@xi; @yi; @zg, for i = 1; 2; 3. The vectors fields X1 = e @x1, Y1 = e @y1, X2 =
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e @x2, Y2 = e @y2, X3 = e @x3, Y3 =  e @y3, Z = e @z, where  = x1 + y1 +p
2z, are linearly independent at each point of M . Let g be the indefinite metric on
M defined by g(X1; X1) = g(Y1; Y1) =  1, g(Xi; Xj) = g(Yi; Yj) = ij, for i; j = 2; 3,
g(Xl; Xk) = g(Yl; Yk) = 0, for any l 6= k; l; k = 1; 2; 3 and g(; ) = 1. Let  be the
1-form on M defined by  = edz and the structure vector field given by  = e @z.
Let  be the (1; 1)-tensor field defined by, X1 =  Y1; Y1 = X1; X2 =  Y2; Y2 =
X2; X3 = Y3; Y3 =  X3; X4 = Y4; Y4 =  X4;  = 0. By linearity of  and
g the quadruplet (; ; ; g) defines an almost contact metric structure on M . The
smooth 1-form ! is locally given by ! = d = dx1+dy1+
p
2dz and satisfies d = !^.
The 2-form fundamental  is given by
 = e 2f dx1 ^ dy1 + dx2 ^ dy2 + dx3 ^ dy3g;
and verifies d = 2! ^ . The Lee vector field is given by B = @x1 + @y1 +
p
2@z
and satisfies c = g(B;B) = 0. Thus B is a null vector field. It is easy to see
!() = e 
p
2 6= 0. The distribution Dp = ker!p with p 2 M7 is spanned by
fX2; X3; Y2; Y3; Bg. The non-vanishing components of the Lie brackets are [X2;3; B] =
4X2;3 and [Y2;3; B] = 4Y2;3, which prove that the distribution D is integrable and
therefore admits a foliation F of codimension 1 and its leaves are null hypersurfaces
immersed inM7. The transversal vector field is given by N =  1
4
f@x1+@y1 
p
2@zg.
We can easily see that  = e 
2
p
2
(B + 4N) and also B =  4N . Hence, the leaves of
F are ascreen null hypersurfaces of M .
From Theorem 4.1.2, we notice that if L is an ascreen null hypersurface of F then
dim(RB  RNV ) = 1 and hence TL decomposes as follows
TL = RB ? RB ? D0; (4.20)
where D0 is a non-degenerate  invariant distribution, i.e., D0 = D0.
As the geometry of null hypersurfaces depends on the vector bundles S(TL) and
tr(TL), it is important to investigate the relationship between geometric objects
induced by two screen distributions. The components of the structural vector field 
in (4.19) depends on both the screen distribution S(TL) and the transversal bundle
tr(TL) and this is proven as follows. Suppose a screen S(TL) changes to another
screen S(TL)0. The following are some of the local transformation equations due to
this change (see [18] for details):
K 0i =
2n 1X
j=1
Kji (Kj   jcjB) ; (4.21)
N 0(X) = N   1
2
g(K;K)B +K; (4.22)
rF0XY = rFXY +B(X;Y )f
1
2
g(K;K)B  Kg; (4.23)
On the geometry of locally conformal almost cosymplectic
manifolds and 2-order Lagrange spaces
Scholarship from SIMONS FOUNDATION through
the RGSMA-Project (BIUST, Botswana)
Ange Maloko Mavambou cUKZN 2017
angemaloko@gmail.com
Geometry of non-tangential leaves of F 46
for any X, Y 2  (TLjU\L), where K =
P2n 1
i=1 ciKi, fKig and fK 0ig are the local
orthonormal bases of S(TF) and S(TF)0 with respective transversal sections N and
N 0 for the same null section B. Here ci and Kji are smooth functions on U and
f1;    ; 2n 1g is the signature of the basis fK1;    ; K2n 1g. Denote by  is the
dual 1-form of K, characteristic vector field of the screen change, with respect to the
induced metric g = gjL of L ,!M [18], that is,
(X) = g(X;K); 8 X 2  (TL): (4.24)
Suppose that the structure vector field  in (4.19) is written for a given screen
distribution S(TL). Let  = S0 + a0B + b0N 0 be another form of the structure vector
field  in the change distribution S(TL)0. Then we have the following.
Lemma 4.1.2. If the screen distribution S(TL) changes to another screen S(TL)0,
then b0 = b and S0 = S + fa  a0 + 12g(K;K)bgB   bK. Moreover, the combination
in (4.19) is independent of S(TL) if and only if 1-form  vanishes identically on L.
4.2 Geometry of non-tangential leaves of F
This section deals with the geometry of the leaves of the foliations F. First of all, we
define the following.
A leaf L of F is called non-tangential if  satisfies relation (4.19). From (3.22), we
can set
rX = hX +AX; 8X 2  (TF); (4.25)
where A is a (1; 1)-tensor field defined by AX := !()X (X)B: It is easy to see that
A is symmetric with respect to g, i.e., g(AX;Y ) = g(X;AY ), for any X;Y 2  (TF),
A = !()  B, AB = 0 and AX   AX = (X)B.
A null hypersurface L of F with c = 0 is said to be screen conformal [18] if
there exists a non-vanishing smooth function ' such that AN = 'AB, and screen
homothetic if ' is a constant function.
Theorem 4.2.1. Let L be a leaf of a foliation F in an l.c. almost cosymplectic
manifold M with Sign(B) = ; such that c = 0 and !() 6= 0. Suppose that L is a
non-tangential null hypersurface. Then L is screen conformal if h satisfies
h = rFS + f2   b    hg 
B   (!  h)
N   bI;
where I denotes the identity on F.
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Proof. By straightforward calculations using (4.25), (4.19) and Gauss-Weingetein for-
mulas for L one gets, for any X 2  (TF),
aABX + bANX = rFX S + fX(a)  a(X) + C(X; S)gB
+ fX(b) + b(X) +B(X; S)gN  AX   hX: (4.26)
Then taking the g-product of (4.26) with B and N in turn, we get
X(b) + b(X) +B(X; S) =  g(AX;B)  g(hX;B) (4.27)
and X(a)  a(X) + C(X; S) =  g(AX;N)  g(hX;N); (4.28)
for any X 2  (TF). Applying the definition of A to (4.27) and (4.28), we get
g(AX;B) = 0 and g(AX;N) = b(X)  (X). Hence, (4.26) reduces to
aABX + bANX = rFX S + f(X)  b(X)  g(hX;N)gB
  g(hX;B)N   AX   hX; (4.29)
from which our assertion follows and ' =  a
b
, which completes the proof.
Theorem 4.2.2. Let L be a leaf of a foliation F in an l.c. almost cosymplectic
manifold M with Sign(B) = ; such that c = 0 and !() 6= 0. Suppose that L
is non-tangential null hypersurface in M . Then S(TL) is integrable if and only if
g(rFX S; Y ) = g(rFY S; X) for all X;Y 2 (S(TL)).
Proof. By straightforward calculations using (4.29) and the fact that h is symmetric,
we have g([X;Y ]; N) = 1
b
fg(rFX S; Y )   g(rFY S; X)g, for any X;Y 2  (S(TL)),
which completes the proof.
The following corollary is obvious.
Corollary 4.2.1. Let L be a leaf of a foliation F in an l. c. almost cosymplectic
manifold M with Sign(B) = ; such that c = 0 and !() 6= 0. If L is an ascreen null
hypersurface, then S(TL) is integrable.
Using the Koszul’s formula, the non-vanishing components of the covariant deriva-
tives on the basis of the TL defined in Example 4.1.3 are given by rXiXi =  4N and
rY iYi =  4N for i = 2; 3, from which we deduce B(Xi; Xi) =  4 and B(Yi; Yi) =  4
and zero otherwise. Also, g(rUB;N) = 0 for all U 2  (TF) which means rFUB has
no component along RadTL and hence C = 0 on F. This means that S(TL) is totally
geodesic and therefore integrable.
Next, we study the geometry of distribution D0 in (4.20). Suppose that S = 0,
that is L is an ascreen null hypersurface immersed in M . First, we notice that if
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Y 2  (D0) then !(Y ) = !(Y ) = 0. Let F be the projection of TL on to D0. Then
by decomposition (4.20) we have
X = FX + (X)B   1
b2
g(X;B)B; 8X 2  (TF): (4.30)
Applying  to (4.30) we get
X = fX +
1
b2
g(X;B)B + (X)B   1
b
g(X;B); (4.31)
for all X 2  (TF), where fX = FX.
Theorem 4.2.3. Let L be a leaf of a foliation F in an l.c. almost cosymplectic
manifold M with Sign(B) = ; such that c = 0 and !() 6= 0. Suppose that L is an
ascreen null hypersurface. Then D0 is integrable if and only if, for any X;Y 2  (D0)
and Z 2  (S(TL)), 2g((rFXf)Y  (rFY f)X;Z) = g(N1(Y; Z); fX) g(N1(X;Z); fY );
and in this case f is anti-symmetric on S(TL).
Proof. Let X;Y 2  (D0), then rXY = rXfY . Then, using this equation together
with (3.20) we derive
2g((rFXf)Y; Z)
=  2(Z)B(X; fY )  2(rFXY )!(Z) +
2
b2
g(rFXY; B)!(Z)
  2
b
g(rFXY; B)(Z)  2g(X;Y )!(Z)B   g(X;Y )!(Z)
g(N1(Y; Z); X); 8Z 2  (TF): (4.32)
Then from (4.32) we get
2g((rFXf)Y   (rFY f)X;Z) + 2(Z)fB(X; fY ) B(Y; fX)g
=
2
b2
g([X;Y ]; B)!(Z)  2([X;Y ])!(Z)  2
b
g([X;Y ]; B)(Z)
+ g(N1(Y; Z); X)  g(N1(X;Z); Y ) + 4g(X; Y )!(Z): (4.33)
Hence, from(4.33) we can see that if D0 is integrable then
2g((rFXf)Y   (rFY f)X;Z) = g(N1(Y; Z); fX)  g(N1(X;Z); fY );
for all Z 2  (S(TF)). Conversely, using this relation and (4.33) we can easily see that
g([X;Y ]; B) = 0 and ([X;Y ]) = 0, which together shows that D0 is integrable.
Corollary 4.2.2. Let L be a leaf of a foliation F in an l.c. almost cosymplectic
manifold M with Sign(B) = ; such that c = 0 and !() 6= 0. Suppose that L is an as-
creen null hypersurface. Then D0 is integrable if and only if, B(X; fY ) B(Y; fX) =
1
2(Z)
fg(N1(Y; Z); fX)  g(N1(X;Z); fY )g; 8X;Y 2  (D0), Z 2  ((TL?)).
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A leaf L of F will be called D0-totally geodesic if for any X;Y 2  (D0) we have
h(X;Y ) = 0, or equivalently, B(X;Y ) = 0.
Theorem 4.2.4. Let L be a leaf of a foliation F in an l.c. almost cosymplectic
manifold M with Sign(B) = ; such that c = 0 and !() 6= 0. Suppose that L is
an ascreen null hypersurface. Then L is D0-totally geodesic if and only if h + A =
 !()AN on D0.
Proof. By straightforward calculations, using (4.2), (4.15) and (4.25), we have
g(H(X;Y ); B) = g(rXY; B)  !()g((h+A)X;Y ); (4.34)
for any X;Y 2  (D0). Now, applying (4.15) to (4.34) we get
g(H(X;Y ); B) =
1
2
B(X;Y )  b2(rFXY )  !()g((h+A)X;Y );
from which we deduce that B(X;Y ) =  2b2(rFXY )   2!()g((h + A)X;Y ); which
completes the proof.
It is important to investigate the relationship between some geometric objects in-
duced, studied above, with the change of the screen distributions. We know that the
local second fundamental form B of L on U\L is independent of the vector bundles
(S(TL); S(TL?)) and tr(TL). This means that all results above depending only on B
are stable with respect to any change of those vector bundles. Let P and P 0 be projec-
tions of TL on S(TL) and S(TL)0, respectively, with respect to the orthogonal decom-
position of TL. Any vector field X on L ,!M can be written as X = PX+(X)B =
P 0X + 0(X)B with 0(X) = (X) + (X). Then we have P 0X = PX   (X)B and
C0(X;P 0X) = C0(X;PY ). The relationship between the local second fundamental
forms C and C0 of the screen distributions S(TL) and S(TL)0, respectively is given
using (4.22) by C0(X;PY ) = C(X;PY )  1
2
(rFXPY + B(X;Y )K). All equations in
this section depending only on the local second fundamental form C (making equations
non unique), are independent of S(TL) if and only if (rFXPY +B(X;Y )K) = 0.
Using the changes  0(X) = (X) +B(X;K) and A0BX = ABX  B(X;K)B, the
linear connections rF and rF0 associated to the change are related by
rF0X P 0Y = rFX PY  B(X;PY )K   (Y )ABX  X((Y ))B
  f(Y )(X) + 1
2
(rFXPY +B(X;Y )K)
  1
2
B(X;PY )g(K;K)gB: (4.35)
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4.3 Higher order geodesibility of leaves of F
Let L be a leaf of the foliation. In this section L is considered to be an ascreen null
hypersurface immersed in an l.c. almost cosymplectic manifold M with Sign(B) = ;
such that c = 0 and !() 6= 0. Denote the vector t given in (3.4) by Q. Since L is an
ascreen null hypersurface, we have
Q = t = e
(t) = e(t)(aB + bN): (4.36)
Let denote the tangential part aetB of Q by Q. Then
Q = Q  be(t)N: (4.37)
Now, we study the umbilicity of L via the divergence of TrQ, where Tr denotes the
Newton transformation with respect to the operator AN . Applying rX to Q and
using (4.25), we have
rXQ = X((t))Q+ e(t)(h+A)X; 8X 2  (TF): (4.38)
In a similar way using (4.37) and (4.38), we have
rFXQ = e(t)(h+A)X + be(t)ANX +X((t))Q
  fX(b)e(t) +X((t))be(t) + be(t)(X) +B(X;Q)gN; (4.39)
for any X 2  (TF). Then from (4.39) we deduce that
g(rFXQ; Y ) = e(t)g((h+A)X;Y ) + be(t)g(ANX;Y ); (4.40)
and g(rFXQ;N) = X((t))g(Q;N) + e(t)g(hX;N); (4.41)
for any X 2  (TF) and Y 2  (S(TF)).
Proposition 4.3.1. [35] Let (L; g; c = 0) be an ascreen null hypersurface immersed
in an l.c. almost cosymplectic manifold, with Sign(B) = ;, !() 6= 0 and a conformal
vector field Q = e(t). If the Ricci tensor of the induced connection rF is symmetric,
then there exists a pair fB;Ng on U  L such that the corresponding 1-form 
vanishes on any U \ L. Moreover, g(Q;B) 6= 0 and g(Q;N) 6= 0.
Proof. Since L is ascreen, then Q = e(t) = e(t)(aB + bN) and thus, g(Q;B) =
be(t) 6= 0 and g(Q;N) = ae(t) 6= 0. Furthermore, since the Ricci tensor with respect
rF is symmetric, then the induced 1-form  is closed [18]. That is d = 0; so we
can set  = d. Thus, (X) = X(). If we take B = fB and N = 1
f
N , then the
corresponding 1-form  is given by
(X) = g(rtXN;B) =  X(log f) + (X);
where f is a smooth function. Then, one can choose f = e and hence (X) = 0
for any X 2  (TFjU). Since g(Q;B) 6= 0 and g(Q;N) 6= 0, then fB;Ng are the
corresponding vectors which satisfies Proposition 4.3.1.
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We have seen that if L is ascreen null hypersurface immersed in an l.c. almost
cosymplectic manifold M with Sign(B) = ;, c = 0 and !() 6= 0, then S(TL) is
integrable (see Corollary 4.2.1). Further still, A is screen-valued and AB = 0, which
leads to ANB = 0. The operator AN is also symmetric on S(TL) and hence diag-
onalizable. Let l0 = 0; l1;    ; lm its principal curvatures with respect to the quasi-
orthonormal basis fB;Z1;    ; Zmg, where fZ1;    ; Zmg is the basis S(TL). Associ-
ated to the operator AN are the m algebraic invariants Sr = er(l0; l1;    ; lm), where
er : Rm+1  ! R denotes the r-th symmetric polynomial in variables l0; l1;    ; lm. We
usually set S0 = 1 and it is also easy to see that S1 = tr(AN), the mean curvature. Fur-
thermore, Sr is called the r-th mean curvature with respect to AN . Then the Newton
transformations Tr with respect to the operator AN are defined by Tr : TL  ! TL
and explicitly given by the recurrence relation
Tr = ( 1)rSrI+ AN  Tr 1; 0  r  m: (4.42)
It is important to know that Tr is also symmetric and commutes with AN . Let Hr =
m+ 1
r
 1
Sr denote the normalized mean curvature with respect to AN and let
further cr = (m + 1   r)

m+ 1
r

. The following properties of Tr can be deduced
from (4.42).
tr(Tr) = ( 1)r(m+ 1  r)Sr = ( 1)rcrHr; (4.43)
tr(AN  Tr) = ( 1)r(r + 1)Sr+1 = ( 1)rcrHr+1: (4.44)
Details on Newton transformations can be found in [3], [16] and many more references
therein.
Note that the interrelation between the second fundamental forms of the null hy-
persurface L and its screen distribution and their respective shape operators indicates
that the null geometry depends on the choice of a screen distribution. By [18, p. 87],
AN and A0N 0 are related by
A0N 0X = ANX + (X)B +
2n 1X
j=1
j(X)Kj  
2n 1X
j=1
cjrFXKj
  1
2
g(K;K)ABX; (4.45)
where  =
P2n 1
j=1 fjcjX(cj)  (X)j(cj)2+ 12j(cj)2B(X;K)  cjC(X;Kj)g and j =
cj((X) +B(X;K)) X(cj).
The dependence of Tr on S(TL) is as follows. Let Zi 2  (S(TL)) be an eigenvector
of AN , then it is easy to show that TrZi = ( 1)rSirZi. Notice that ( 1)rSir is an
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eigenvalue of Tr corresponding to eigenvector Zi. Then by direct calculations we have
TrZi = ( 1)rSrI+ ( 1)r 1Sir 1ANZi; (4.46)
and T 0rZi = ( 1)rS 0rI+ ( 1)r 1S
0i
r 1A
0
N 0Zi: (4.47)
Subtracting (4.46) from (4.47) we deduce that
T 0r = Tr + ( 1)r(S 0r   Sr)I+Sr 1AN
+ ( 1)r 1S 0ir 1
(
B +
2n 1X
j=1
jKj  
2n 1X
j=1
cjrFKj   1
2
g(K;K)AB
)
; (4.48)
where Sr = ( 1)r(S 0ir   Sir). Hence, from (4.48) we can see that the operators Tr
depends on a chosen section N and on S(TL). Note that Tr is unique if and only if
M is r-maximal (i.e., Sr = 0, for all r).
Next, the divergence of Tr on the screen distribution will be denoted by divr

(Tr)
and given by
divr

(Tr) =
mX
i=1
(rFZiTr)Zi: (4.49)
Since L is null, the divergence divr
F
(Y ) of a vector Y 2  (TF) with respect to the
degenerate metric g on L is intrinsically defined by (see [19, p. 136], for more details
and references therein)
divr
F
(Y ) = divr

(Y ) + g(rFBY;N): (4.50)
Let dVM be the volume element ofM with respect to g and a given orientation. Then,
we denote the volume form on F by
dV = iNdVM ;
where iN is the contraction with respect to the vector field N . We have the following.
Theorem 4.3.1. Let (L; g; c = 0) be a compact ascreen null hypersurface of a F in an
l.c. almost cosymplectic manifold M of constant sectional curvature, with Sign(B) =
;, !() 6= 0 and a conformal vector field Q = e(t). If the Ricci tensor of the induced
connection rF is symmetric, thenZ
L
(B  g(TrQ;N) + e(t)tr(Tr  h) + ( 1)rcr!(Q)fHr +Hr+1g)dV = 0:
Proof. Our proof follows by computation of the divergence of the vector field TrQ
from (4.50). That is;
divr
F
(TrQ) = div
r(TrQ) + g(rFBTrQ;N): (4.51)
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Applying (4.49) to (4.51) we obtain
divr
F
(TrQ) = g(div
r(Tr); Q) +
mX
i=1
ig(rFZiQ; TrZi) + g(rBTrQ;N);
from which, after applying (4.40), Proposition 4.3.1 and the fact that M is a space
form of constant sectional curvature, we get
divr
F
(TrQ) = e
(t)tr(Tr  h) + e(t)tr(Tr A)
+ be(t)tr(Tr  AN) +B  g(TrQ;N): (4.52)
When L is ascreen, we see from (4.29) that A is screen-valued operator and in fact
AX = !()X for any X 2  (S(TF)). Thus, (4.51) reduces to
divr
F
(TrQ) = e
(t)tr(Tr  h) + e(t)!()tr(Tr)
+ be(t)tr(Tr  AN) +B  g(TrQ;N): (4.53)
Finally, our result follows from (4.53) by considering (4.49) and the fact that L is
compact.
Next we look at some applications of Theorem 4.3.1 in which the functions a =
(N), b = (B) = !() and (t) are all constants. Hypersurfaces with constant higher
order mean curvatures are of great importance to modern differential geometry and
have been a focal point of study for the past decades. For instance, in the analysis of
minimal surfaces (surfaces with zero mean curvatures) and in the study of physical
interfaces between fluids, which are assumed to have constant mean curvatures (see
[2] and many more references therein). We suppose that L is of constant higher order
mean curvature in the rest of the paper.
Theorem 4.3.2. Under the assumptions of Theorem 4.3.1, if the functions a, b and
 are all constant, thenZ
L
(aB(Sr) + ( 1)r 1tr(Tr  h) + !()crfHr +Hr+1g)dV = 0: (4.54)
Proof. By Proposition 4.3.1 and the fact that B(g(TrQ;N)) = ( 1)rB(Sr(Q)) =
( 1)rae(t)B(Sr), we complete the proof.
Theorem 4.3.3. [35] Let (L; g; c = 0) be a compact ascreen null hypersurface of a
F in an l.c. almost cosymplectic manifold M of constant sectional curvature, with
Sign(B) = ;, !() 6= 0 and a conformal vector field Q = e(t). Let a, b and  be
constant such that h is tangent to F. If the Ricci tensor of the induced connection rF
is symmetric and H1 is constant, then S(TL) is totally geodesic.
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Proof. By considering r = 0 in (4.54) and multiplying the resultant equation by H1,
we get Z
L
(H1 +H
2
1 )dV = 0: (4.55)
Then substituting r = 1, (4.54) and using T1, properties of h, the fact that B(S1) = 0,
we get Z
L
(H1 +H2)dV = 0: (4.56)
Then, from (4.55) and (4.56) we have
R
L
(H21  H2)dV = 0: But, for l1 =    = lm we
have
H21  H2 =
1
m(m  1)
0@m  1
m
 
mX
i=1
li
!2
  2
mX
i=1
l2i
1A : (4.57)
Using Cauchy-Schwarz inequality on (4.57) we get that
H21  H2 
m  2
m(m  1)
mX
i=1
l2i  0; (4.58)
with equality if l1 =    = lm = 0. Hence, S(TF) is totally geodesic.
Corollary 4.3.1. Under the assumptions of Theorem 4.3.3, if H2 is a positive con-
stant (or Hr 1 and Hr, for r = 1;    ;m, are both constant) and tr(Tr  h) = 0, then
S(TL) is also totally geodesic.
Note that all results above depending only on the local second fundamental form
B are independent of any change of screen distributions.
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Chapter Five
Geometry of 2-Lagrange space
and conformal change
In this chapter, we study the effect of the conformal deformation of fundamental
tensors on 2-Lagrange spaces.
5.1 Conformal deformation and 2-Lagrange spaces
Definition 5.1.1. [39]
(a) A differential Lagrangian of order 2, is a mapping L : Osc2(M) ! R of C1-
class on Osc2(M)0 = Osc2(M)  f0g and continuous on the null section of the
projection 2 : Osc2(M)!M , such that
gij(x; y
(1); y(2)) =
1
2
@2L
@y(2)i@y(2)j
; (5.1)
is a (0; 2)-type symmetric d-tensor field on Osc2(M).
(b) A differential Lagrangian is said to be regular (or non-degenerate) if
rank(gij) = n; (5.2)
on Osc2(M).
c) A Lagrange space is a pair L(2)n = (M;L) formed by a smooth real n-dimensional
manifold M and a regular differentiable Lagrangian L on M , for which the d-
tensor field gij from (5.1) has constant signature on Osc2(M).
Note that the null section 0 : M ! T 2M of the projection 2 is defined by
0 : (x) 2 M ! (x; 0; y(2)) 2 T 2M . Constant signature means that the signature is
either (n; 0) or (0; n).
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The change of local coordinates on Osc2(M): (xi; y(i)1; y(2)i) ! (xi; y(1)i; y(2)i) is
given by
xi = xi(x1;    ; xn); rankk@x
i
@xj
k = n;
y(1)i =
@xi
@xj
y(1)j; 2y(2)i =
@y(1)i
@xj
y(1)j + 2
@y(1)i
@y(1)j
y(2)j: (5.3)
We have,
@xi
@xj
=
@y(1)i
@y(1)j
=
@y(2)i
@y(2)j
: (5.4)
Let L be a 2-Lagrangian and c a time-parametrized curve, c its extensionOsc2(M),
the integral for the action of the Lagrangian L on the curve c is given by the functional
I(c) =
Z 1
0
L(x;
dxi
dt
;
1
2
d2xi
dt2
)dt: (5.5)
The variational problem we obtain allows us to get the Euler-Lagrange equations
given by (see [40, p. 110] for more details)
(0)
Ej (L) = 0; y
(1) =
dxi
dt
; y(2)i =
1
2
d2xi
dt2
; (5.6)
where
(0)
Ei (L) =
@
@xi
  d
dt
@
@y(1)i
+
1
2
d2
dt2
@
@y(2)i
(5.7)
on the curve c.
Using the 2-almost tangent structure J we obtain
(1)
Ei=  J
(0)
Ei=   @
@y(1)i
+
d
dt
@
@y(2)i
;
(2)
Ei=  1
2
J
(1)
Ei=
1
2
@
@y(2)i
; (5.8)
where
(0)
Ei;
(1)
Ei;
(2)
Ei are covectors called by Craig-Synge covectors on the curve c.
Let M be a smooth manifold and L and eL be two 2-Lagrangian on M . The
fundamental tensors g and eg of L and eL, respectively, are conformally deformed if
there exists a smooth positive function  on Osc2(M) such that
eg =  
 g: (5.9)
Lemma 5.1.1. [37] For the 2-Langrange space L(2)n = (M;L), the following proper-
ties hold:
(1) The functions fi := @L2@y(2)i are the components of d-covector field.
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(2) The functions
Cijk :=
1
4
@3L
@y(2)i@y(2)j@y(2)k
=
1
2
@gij
@y(2)k
(5.10)
are the components of a third order symmetric d-tensor field.
Proof. (1) The transformation of coordinates (5.3) and (5.4) on Osc2(M) produces
the transformation
~fi =
1
2
@xj
@~xi
@L
@y(2)j
=
1
2
@xj
@~xi
fj:
Which proves that fi are the components of d-covector field on Osc2(M).
(2) In the same manner, we have
~Cijk =
@xr
@~xi
@xp
@~xj
@xq
@~xk
Cijk: (5.11)
then we obtain that Cijk are the components of a symmetric d-tensor field of
(0; 3) type.
The tensor field ~Cijk defined in (5.10) is called Cartan tensor field of the 2-
osculator bundle.
Proposition 5.1.1. [37] Let M be a real n-dimensional manifold, L and eL be two
2-Lagrangian on M . If the fundamental tensors g and eg of L and eL, respectively,
are conformally deformed, then the factor of proportionality is constant in the y(2)-
direction.
Proof. Assume the fundamental tensors g and eg of L and eL, respectively, are con-
formally deformed. Then, there exists a positive function  on Osc2(M) such that
~gij =  gij. By differentiating the latter with respect to y(2), we have
@~gij
@y(2)k
=
@ 
@y(2)k
gij +
@gij
@y(2)k
 (5.12)
It follows by (5.12) that,
2 ~Cijk = 2 Cijk +
@ 
@y(2)k
gij; (5.13)
since Cijk is completely symmetric. Then we have,
2 ~Cijk = 2 Cikj +
@ 
@y(2)j
gik; (5.14)
Thus by (5.13) and (5.14) we obtain,
@ 
@y(2)k
gij =
@ 
@y(2)j
gik: (5.15)
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It follows from the relation (5.15), that
@ 
@y(2)k
kj = n
@ 
@y(2)j
; (5.16)
and one obtain
@ 
@y(2)j
= 0 (5.17)
Thus the factor of proportionality is constant in the y(2)-direction.
Lemma 5.1.2. [37] Let M be a real n-dimensional manifold, L and eL be two 2-
Lagrangian on M with fundamental tensors g and eg, respectively, such that (5.9) is
satisfied. If g is 0-homogeneous with respect to y(2), so is eg.
Proof. As  is constant in y(2)-direction then it is 0-homogeneous with respect to
y(2), then eg =  
 g is 0-homogeneous with respect to y(2).
Note that if gij is the fundamental tensor of L and 0-homogeneous with respect
to y(2), then one of the solutions of the partial differential equation
gij =
1
2
@2L
@y(2)i@y(2)j
; (5.18)
is given by
L = gijy
(2)iy(2)j +Bi(x; y
(1))y(2)i + V; (5.19)
where Bi(x; y(1)) is an arbitrary covector and V an arbitrary function in Osc1(M)
(see [40] for more details).
Therefore, we have the following.
Proposition 5.1.2. Let M be a real n-dimensional manifold, L and eL be two 2-
Lagrangian on M with fundamental tensors g and eg, respectively, such that (5.9) is
satisfied. If g is 0-homogeneous with respect to y(2), then L and eL are related as
eL =  L+ Ai(x; y(1))y(2)i + U(x; y(1)); (5.20)
where Ai an arbitrary covector and U an arbitrary function on Osc1(M).
Proof. By lemma 5.1.2, eg is 0-homogeneous since g and then from the equation
egij = 1
2
@2eL
@y(2)i@y(2)j
; (5.21)
we have
eL = egijy(2)iy(2)j + ai(x; y(1))y(2)i + u; (5.22)
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and also
L = gijy
(2)iy(2)j + bi(x; y
(1))y(2)i + v; (5.23)
since gij is also 0-homogeneous. From (5.22), one obtains
eL =  L+ (ai    bi)y(2)i + (u   v)
=  L+ Aiy
(2)i + U; (5.24)
where Ai = ai    bi and U = u   v. This completes the proof.
In this case, we say that L and eL are conformal-type.
Let us recall by the following theorem the coefficients of 2-semispray in terms of
Lagrangian (see [41, theorem 7.3] for more details).
Theorem 5.1.1. [41] If L is the fundamental function of a Lagrange space of second
order L(2)n, then on a curve c, the system of differential equation
gij
(1)
Ej (L) = 0 (5.25)
determines a 2-spray S, with components
3Gi =
1
2
gijf ( @L
@y(2)j
)  @L
@y(1)j
g (5.26)
where
(1)
Ej is a Craig-Synge covector given in equation (5.8).
Corollary 5.1.1. The coefficients Gi of the semispray are obtained along every ex-
tremal curve of Euler-equations
(0)
Ej (L) = 0.
Proof. We have gij
(1)
Ej (L) = 0, using the first equation in (5.8), one gets
gijJ
(0)
Ej (L) = Jg
ij
(0)
Ej (L) = 0
wich implies
(0)
Ej (L) = 0. This completes the proof.
The objects Gi given by (5.26) allows us to obtain the coefficients of the nonlinear
connection given by
N ij
(1)
=
@Gi
@y(2)j
and N ij
(2)
=
1
2
(SN ij
(1)
 N im
(1)
Nmj
(1)
): (5.27)
From now on, let us denote the conformal factor by e, where  2 C1(Osc2(M)).
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Lemma 5.1.3. The coefficients Gi and eGi of the 2-semispray with respect to L andeL, respectively, are related as
eGi = Gi +H i; (5.28)
where
H i =
1
6
gij( ()
@L
@y(2)j
  @
@y(1)j
L  e ( (Aj) + @Ak
@y(1)j
y(2)k +
@U
@y(1)j
)): (5.29)
Proof. Replacing (5.20) in (5.26) then by a direct calculation one gets the assertion.
Corollary 5.1.2. According to eL on Osc2(M) the 2-semispray is given by
eS = S   3H i @
@y(2)i
(5.30)
where S is the 2-semispray arised from the Lagrangian L.
Proposition 5.1.3. [37] Let M be a real n-dimensional manifold, L and eL be two
2-Lagrangians on M with fundamental tensors g and eg, respectively, such that (5.9)
is satisfied. Then, the coefficients of the nonlinear connection are given by
fN ij
(1)
= N ij
(1)
+H ij
(1)
and eN ij
(2)
= N ij
(2)
+H ij
(2)
; (5.31)
where
H ij
(1)
=
@H i
@y(2)j
;
H ij
(2)
=
1
2
fSH ij
(1)
 H ir
(1)
Hrj
(1)
  3Hm @
@y(2)m
(N ij
(1)
+H ij
(1)
) N ir
(1)
Hrj
(1)
 H ir
(1)
N rj
(1)
g:
Notations
In the sequel, we adopt the following notations

xi
= i;

y(1)i
= 1i;

y(2)i
= 2i;
@
@xi
= @i;
@
@y(1)i
= @1i;
@
@y(2)i
= @2i;
@^i =  Hmi
(1)
@1m  Hmi
(2)
@2m; @^1i =  Hmi
(1)
@2m
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Note that the adapted basis changes also under the conformal transformation. That
is described by
ei = i + @^i; e1i = 1i + @^1i; e2i = 2i: (5.32)
The 1-forms from the adapted co-basis are given by
dxi; ey(1)i = dy(1)i + fM ij
(1)
dxj; ey(2)i = dy(2)i + fM ij
(1)
dy(1)j + fM ij
(2)
dxj (5.33)
where (fM ij
(1)
;fM ij
(2)
) are the dual coefficients to ( eN ij
(1)
; eN ij
(2)
) satisfying
fM ij
(1)
= eN ij
(1)
; fM ij
(2)
= M ij
(2)
+Kij; (5.34)
whith M ij
(2)
=
@Gi
@y(1)j
and Kij =
@H i
@y(1)j
:
Therefore, the change of the adapted co-basis can be described by
dxi; ey(1)i = y(1)i +H ij
(1)
dxj; ey(2)i = y(2)i +H ij
(1)
dy(1)j +Kijdx
j: (5.35)
5.2 Examples in Riemannian and Finsler geometry
Example 5.2.1. Let (M;ij) be a (pseudo) Riemannian space. We denote by ijk its
Christoffel symbol, The Liouville d-vector field is given by
z(2)i = y(2)i +
1
2
ijk(x)y
(1)jy(1)k (5.36)
where ijk is the christoffel symbol of the metric ij define on M . z(2)i is globally
defined on gOsc2(M) and depends only on the metric ij, then the function given by
L(x; y(1); y(2)) = ijz
(2)iz(2)j (5.37)
is a differentiable Lagrangian globally defined on gOsc2(M), depending only on the
metric ij and it is regular. By differentiating (5.37), one gets
1
2
@2i@2jL = ij; (5.38)
and the coefficients of the canonical 2-spray are given by
3Gi = ij(x)f (jmz(2)m)  miz(2)m@1jz(2m)g (5.39)
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the canonical nonlinear connection determined by the Lagrange (5.37) has the dual
coefficients
M ij
(1)
= ijky
(1)k; M ij
(2)
=
1
2
f (ijky(1)k) +M ir
(1)
M rj
(1)
g: (5.40)
They are globally defined on gOsc2(M) and depend only on the structure ij.
Let  : M ! R be a function over M and
eij = exp()ij (5.41)
be the conformal metric to the metric ij.
Proposition 5.2.1. Let M be a real n-dimensional manifold, L and eL be two 2-
Lagrangians on M with fundamental tensors ij and eij, respectively, such that (5.41)
is satisfied, The following statement hold
(a) The Liouville d-vector field ez(2)i is written as
ez(2)i = z(2)i + 
i; (5.42)
where

i =
1
2
(i
s
j + j
s
k   sgjkgis)y(1)jy(1)k: (5.43)
(b) The fundamental functions L and eL are related as
eL(x; y(1); y(2)) = eL(x; y(1); y(2)) + e(
jz(2)i + 
iz(2)j + 
i
j): (5.44)
(c) The coefficients of the canonical spray related to eij are given by
eGi = Gi +H i; (5.45)
where
H i =
1
3
ij(x)f ()jmez(2)m   miz(2)m@1j
m   mi
m@1jz(2)m +  (
mjm)
  mi
m@1j
mg: (5.46)
Proof. Under the conformal change the Christofell symbol eijk in terms of ijk is given
by
eijk = ijk + 12(@iik + @jij   @sjkis) (5.47)
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then we get the Liouville d-vector field using (5.36), following equation (5.37), one
has
eL(x; y(1); y(2)) = eijez(2)iez(2)j: (5.48)
By a direct expansion of (5.48) and taking into account (5.42) one gets .
eL = eij(z(2)i + 
i)(z(2)j + 
j)
= eL+ e(
jz
(2)i + 
iz
(2)j + 
i
j): (5.49)
Then one gets the assertion (b). Under the conformal change we have
3 eGi = eij(x)f (ejmez(2)m)  emiez(2)m@1jez(2m)g; (5.50)
then substituting (5.42), (5.41) and (5.47) in (5.50), one gets the assertion (c).
Definition 5.2.1. [9] A Finsler space is a pair F n = (M;F ) formed by a real n-
dimensional M and a scalar positive function F on TM , differentiable on TM0 and
continuous on the null section, which has the properties:
(1) F (x; y) is positively homogeneous of degree 1, with respect to yi on TM0.
(2) The pair (M;F 2) is a Lagrange space.
The function F is called the fundamental or metric function and the d-tensor field
gij(x; y) =
1
2
@F 2
@y(1)i@y(1)j
(5.51)
is the fundamental tensor or metric of the Finsler space F n, it is 0-homogeneous with
respect to yi and it is non-degenerate. The Cartan tensor field
Cijk =
1
4
@3F 2
@yi@yj@yk
(5.52)
is completely symmetric, using the homogeneity of F and gij,
ymCmij = C0ij = 0: (5.53)
Then one obtains
F 2 = gij(x; y)y
(1)iy(1)j (5.54)
(see [40] and references therein for details).
By making use of Theorem 5.1.1 and equation (2.27) we obtain the coefficients of
nonlinear connection N ij(x; y(1)) of the Lagrange space (M;F 2), called Cartan non-
linear connection of the Finsler space F n = (M;F ).
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According to Miron [40, Theorem 4.10.1], the function L : Osc2(M) ! R given
by
L(x; y(1); y(2)) = gij(x; y
(1))z(2)iz(2)j; (5.55)
where
z(2)i = y(2)i +
1
2
N ij(x; y
(1))y(1)j (5.56)
is a regular Lagrangian on the manifold Osc2(M). It depends only on the fundamental
function F of the Finsler space F n.
Proposition 5.2.2. [37] Let  : Osc2(M) ! R be a 0-homogeneous function con-
stante on y(2)-direction, if gij is the fundamental tensor of the Finsler space F n thenegij = e2gij is a fundamental tensor of the Finsler space having eF = eF as funda-
mental function.
Proof. It is known that F is positively 1-homogeneous. Then we have
e(x;y
(1))F (x; y(1)) = e(x;y
(1))F (x; y(1));
since  is 0-homogeneous. This means eF is positively homogeneous of degree 1. As F
is fundamental function of Finsler space F n one haseF 2 = e2gij(x; y)y(1)iy(1)j:
Corollary 5.2.1. The pair (M; eF ) is a Finsler space and the function eL : Osc2(M)!
R given by eL(x; y(1); y(2)) = e2L+  ; (5.57)
where
 = e2gij(z
(2)i
j + 
iz
(2)i + 
i
j);
and 
i follows from (5.43), is a regular Lagrangian depending on the fundamental
function eF of the Finsler space (M; eF ).
Note that in proposition 5.2.2, the fact that  is 0-homogeneous allows the functioneF to satisfy the assumptions of the definition 5.2.1.
5.3 Canonical metrical N-linear connections under
the conformal change
We start this section by establishing the expressions of Lie-brackets under the con-
formal change.
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5.3.1 Lie brackets and conformal deformation
Proposition 5.3.1. [40] The Lie bracket of the vector fields of the adapted basis are
given by
[j; k] = R
i
jk
(01)
1i +R
i
jk
(02)
2i; [j; 1k] = B
i
jk
(11)
1i +B
i
jk
(12)
2i (5.58)
[j; 2k] = B
i
jk
(21)
1i +B
i
jk
(22)
2i; [1j; 2k] = R
i
jk
(12)
2i; (5.59)
[2j; 2k] = B
i
jk
(21)
2i; (5.60)
where
Rijk
(01)
= kN
i
j
(1)
  jN ik
(1)
; Rijk
(02)
= N im
(1)
Rmjk
(01)
+ kN
i
j
(2)
  jN ij
(2)
;
Bijk
(11)
= 1kN
i
j
(1)
; Bijk
(12)
= N im
(1)
Bmjk
(11)
+ 1kN
i
j
(2)
  1jN ij
(2)
;
Bijk
(21)
= 2kN
i
j
(1)
; Bijk
(22)
= N im
(1)
Bmjk
(21)
+ 2kN
i
j
(2)
; Rijk
(12)
= 1kN
i
j
(1)
  1jN ik
(1)
: (5.61)
Remark 5.3.1. Note that the N -linear connection N is integrable if and only if
Rijk
(01)
= Rijk
(02)
= 0;
and the vertical distribution V1 is integrable if and only if
Rijk
(12)
= 0:
The analogue result to proposition 5.3.1 for the conformal adapted basis is given
as follows.
Theorem 5.3.1. [37] Let M be a real n-dimensional manifold, L and eL be two 2-
Lagrangian on M with fundamental tensors g and eg, respectively, such that (5.9) is
satisfied. Then the Lie brackets of the conformal adapted basis is given by
[ej; ek] = [j; k] + rijk
(01)
1i   rijk
(01)
@^1m + r
i
jk
(02)
2i; (5.62)
[ej; e1k] = [j; 1k] + bijk
(11)
1i + b
i
jk
(11)
@^1m + b
i
jk
(12)
@2m; (5.63)
[ej; e2k] = [j; 2k]  bijk
(21)
1i   bijk
(21)
@^1m + b
i
jk
(22)
@2i; (5.64)
[e1j; e1k] = [1j; 1k]  rijk
(12)
2i; (5.65)
[e1j; e2k] = [1j; 2k] + bijk
(21)
@2i; (5.66)
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where
rijk
(01)
= kH
j
i
(1)
  jHki
(1)
+ @^mN
i
j
(1)
  @^mN ik
(1)
+ @^mH
k
i
(1)
  @^mH ik
(1)
; (5.67)
rijk
(02)
= N im
(1)
rmjk
(01)
+H im
(1)
Rmjk
(01)
+ kH
i
j
(2)
+ @^kN
i
j
(2)
  jH ik
(2)
  @^jN ik
(2)
; (5.68)
bijk
(11)
= 1kH
j
i
(1)
+ @^1kN
j
i
(1)
; (5.69)
bijk
(12)
= N im
(1)
bmjk
(11)
+H im
(1)
Bmjk
(11)
+ 1kH
i
j
(2)
+ @^1kN
i
j
(2)
  1jH ik
(2)
  @^1jN ik
(2)
; (5.70)
bijk
(21)
= 2kH
j
i
(1)
; (5.71)
bijk
(22)
= N im
(1)
bmjk
(21)
+ 2kH
i
k
(2)
; (5.72)
rijk
(12)
= 1kH
j
i
(1)
  1jHki
(1)
+ @^1mN
i
j
(1)
  @^1mN ik
(1)
+ @^1mH
k
i
(1)
  @^1mH ik
(1)
; (5.73)
Proof. Indeed, we have eRijk
(01)
= ek eN ij
(1)
  ej eN ik
(1)
then by using the equations (5.32) and
(5.31) one gets eRijk
(01)
= kN
i
j
(1)
  jN ik
(1)
+ kH
j
i
(1)
  jHki
(1)
+ @^mN
i
j
(1)
  @^mN ik
(1)
+ @^mH
k
i
(1)
  @^mH ik
(1)
=
Rijk
(01)
+ rijk
(01)
:
Likewise, we obtain eRijk
(02)
= Rijk
(02)
+ rijk
(02)
, then we obtain (5.62). In the same way the
relations (5.63)-(5.66) are obtained.
Now, let us endow the osculator bundle Osc2(M) with the Riemannian metric
(4.5) given in [5, p.72] by:
G = gijdxi 
 dxj + gijy(1)i 
 y(1)j + gijy(2)i 
 y(2)j; (5.74)
where
gij =
1
2
@2L
@y(2)i@y(2)j
:
A connection D on L(2)n is an N -linear connection if
(1) D preserves by parallelism the horizontal distribution N ,
(2) DJ = 0.
D is called canonical N -linear connection of a second order Lagrange space L(2)n if it
satisfies the properties of the following theorem
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Theorem 5.3.2. [39] The following properties hold:
(1) There exists a unique N-linear connection D on Osc20(M) verifying the axioms
gijjk = 0; gij
(1)
j k; gij
(2)
j k (5.75)
T ijk
(0)
= 0; Sijk
(1)
= 0; Sijk
(2)
= 0 (5.76)
(2) This connection has the coefficients
Lijk =
1
2
gis(jgsk + kgjs   sgjk);
Cijk
()
=
1
2
gis(jgjs + kgjs   sgjk);  = 1; 2; (5.77)
where T ijk
(0)
; Sijk
(1)
and Sijk
(2)
are the coefficients of the d tensor of torsion respectively
along the directions of the distributions N , V1 and V2 given by
T ijk
(0)
= Lijk   Likj; Sijk
()
= Cijk
()
  Cikj
()
;  = 1; 2: (5.78)
Denote by eD the canonical metrical N -linear connection under the conformal
change, it is clear that it is given by means of the coefficients
C (N) =
(eLijk(x; y(1); y(2)); eCijk
(1)
(x; y(1); y(2)); eCijk
(2)
(x; y(1); y(2))
)
: (5.79)
The covariant derivative of the conformal adapted basis is given byeDejesi = eLmijesm; eDejesi = eCmij
()
esm;  = 1; 2; s = 0; 1; 2: (5.80)
It follows then the relations
egijjh = 0; egij (1)j h= egij (2)j h= 0; eLijk = eLikj; eCijk
()
= eCikj
()
; ( = 1; 2) (5.81)
hold.
Lemma 5.3.1. LetM be a real n-dimensional manifold, L and eL be two 2-Lagrangians
on M with fundamental tensors g and eg, respectively, such that (5.9) is satisfied.
Then, the coefficients of the N-linear connections D and eD are related aseLijk = Lijk + lijk; (5.82)eCijk
(1)
= Cijk
(1)
+ cijk
(1)
; (5.83)
eCijk
(2)
= Cijk
(2)
; (5.84)
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where
lijk =
1
2
(j
i
k + k
i
j   sgjkgis) +
1
2
gis(@^jgsk + @^kgjs   @^sgjk)
+
1
2
(@^j
i
k + @^k
i
j   @^sgjkgis);
and cijk
(1)
=
1
2
(1j
i
k + 1k
i
j   1sgjkgis) +
1
2
gis(@^1jgsk + @^1kgjs   @^1sgjk): (5.85)
Proof. Indeed, under the conformal change, the equations (5.77) become
eLijk = 12egis(ejegsk + ekegjs   esegjk);eCijk
()
=
1
2
egis(ejgjs + ekegjs   esegjk);  = 1; 2; (5.86)
then by using equations (5.32) in (5.86), we get
eLijk = 12egis((j + @^j)(egsk) + (k + @^k)(egjs)  (s + @^s)(egjk))
= Lijk +
1
2
(j
i
k + k
i
j   sgjkgis) +
1
2
gis(@^jgsk + @^kgjs   @^sgjk)
+
1
2
(@^j
i
k + @^k
i
j   @^sgjkgis);
eCijk
(1)
=
1
2
egis((1j + @^1j)(egsk) + (1k + @^1k)(egjs)  (1s + @^1s)(egjk))
= Cijk
(1)
+
1
2
(1j
i
k + 1k
i
j   1sgjkgis) +
1
2
gis(@^1jgsk + @^1kgjs)  @^1sgjk);
(5.87)
which complete the proof.
5.3.2 Conformal change of d-tensors of Curvature
In this section, we investigate the relationship between the d-tensor of curvature
associated to D and eD. For a N -linear connection D in L(2)n the coefficients of the
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d-tensor of the curvature are given by (see [40, theorem 3.5.3] for more details)
Rhijk = iL
h
jk   jLhik + LsjkLhis   LsikLhjs  Rsij
(01)
Chsk
(1)
 Rsij
(02)
Chsk
01
; (5.88)
P hijk
(1)
= 1iL
h
jk   jChik
(1)
+ LsjkC
h
is
(1)
  Csik
(1)
Lhjs +B
s
ji
(11)
Chsk
(1)
+Bsji
(02)
Chsk
(2)
; (5.89)
P hijk
(2)
= 2iL
h
jk   jChik
(2)
+ LsjkC
h
is
(2)
  Csik
(1)
Lhjs +B
s
ji
(21)
Chsk
(1)
+Bsji
(22)
Chsk
(2)
; (5.90)
Shijk
(21)
= 2iC
h
jk
(1)
  1jChjk
(2)
+ Csjk
(1)
Chis
(2)
  Csik
(2)
Chjs
(1)
+Bsji
(21)
Chsk
(2)
(5.91)
Shijk
(11)
= 1iC
h
jk
(1)
  1jChik
(1)
+ Csjk
(1)
Chis
(1)
  Csik
(1)
Chjs
(1)
+Rsij
(12)
Chsk
(2)
; (5.92)
Shijk
(22)
= Shijk
(22)
; (5.93)
with
Rhijk = g(R(i; j)k; h); P
h
ijk
()
= g(R(i; j)k; h);
Shijk
(11)
= g(R(1i; 1j)k; h); S
h
ijk
(2)
= g(R(2i; j)k; h);  = 1; 2:
In the next proposition, we give the d-tensor of curvature under the conformal change
of the fundamental tensor of the Lagrange space (M;L) in terms of d-tensor of cur-
vature of the Lagrange space (M;L). Thus, in view of equations (5.32), (5.82), (5.83)
and (5.84), we have the following
Proposition 5.3.2. Let M be a real n-dimensional manifold, L and eL be two fun-
damental functions on M with fundamental tensors g and eg, respectively, such that
(5.9) is satisfied. Then, the coefficients of the d-tensor of the curvatures associated to
D and eD are given by
eRhijk = Rhijk + rhijk; eP hijk
(1)
= P hijk
(1)
+ phijk
(1)
; (5.94)
eP hijk
(2)
= P hijk
(2)
+ phijk
(2)
; eShijk
(21)
= Shijk
(21)
+ shijk
(21)
; (5.95)
eShijk
(11)
= Shijk
(11)
+ shijk
(11)
; (5.96)
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where
rhijk = il
h
jk + @^ieLhjk   jlhik   @^jeLhik + Lsjklhis + lsjkeLhis   Lsiklhjs
  lsikeLhjs  Rsij
(01)
chsk
(1)
  rsij
(01)
eChsk
(1)
 Rsij
(02)
chsk
01
  rsij
(02)
eChsk
01
; (5.97)
phijk
(1)
= 1il
h
jk + @^1ieLhjk   1jlhik   @^1jeLhik + Lsjkchis
(1)
+ lsjk eChis
(1)
  Csik
(1)
lhjs
  csik
(1)
eLhjs +Bsji
(11)
chsk
(1)
+Bsji
(11)
eChsk
(1)
+Bsji
(12)
chsk
(1)
+ bsji
(12)
eChsk
(1)
; (5.98)
phijk
(2)
= 2il
h
jk + @^2ieLhjk   jchik
(2)
  @^j eChik
(2)
+ Lsjkc
h
is
(2)
+ lsjk eChis
(2)
  Csik
(1)
lhjs
  csik
(1)
eLhjs +Bsji
(21)
chsk
(1)
+ bsji
(21)
eChsk
(1)
+Bsji
(22)
chsk
(2)
+ bsji
(22)
eChsk
(2)
; (5.99)
shijk
(21)
= 2ic
h
jk
(1)
+ @^2i eChjk
(1)
  1jchik
(2)
  @^1j eChik
(2)
+ Csjk
(1)
chis
(2)
+ csjk
(1)
eChis
(2)
  Csik
(2)
chjs
(1)
  csik
(2)
eChjs
(1)
+Bsji
(21)
chsk
(2)
+ bsji
(21)
eChsk
(2)
; (5.100)
shijk
(11)
= 1ic
h
jk
(1)
+ @^1i eChjk
(1)
  1jchik
(1)
  @^1j eChik
(1)
+ Csjk
(1)
chis
(1)
+ csjk
(1)
eChis
(1)
+Rsij
(12)
chsk
(2)
+ rsij
(12)
eChsk
(2)
: (5.101)
Proposition 5.3.3. Let M be a real n-dimensional manifold, L and eL be two 2-
Lagrangians on M with fundamental tensors g and eg, respectively, such that (5.9) is
satisfied. Then, the d-tensors of the Ricci and the scalar curvature are given bygRicR(ei; ek) = RicR(i; k) + @^idiv eD(ek)  lsikdiv eD(es) + idiv eD(ek)
  idivD(k)  Lsikdiv eD(ek) + LsikdivD(k)
 
nX
j=1
(jl
j
ik + @^j
eLjik   Lsjkljis   lsjkeLjis +Rsij
(01)
cjsk
(1)
+ rsij
(01)
eCjsk
(1)
+Rsij
(02)
cjsk
01
+ rsij
(02)
eCjsk
01
); (5.102)
gRicP(ei; ek) = RicP(ei; ek) + idiv eD(ek)  idivD(k)
+ @^idiv
eD(ek)  eCsik
()
(div
eD(es)  divD(k))  ecsik
()
div
eD(es
 
nX
j=1
(jl
j
ik + @^j
eLjik   Lsjkcjis
()
  lsjk eCjis
()
+ Bsij
(1)
cjsk
()
+ Bsij
(1)
eCjsk
()
+ Bsij
(2)
ecjsk
()
+ bsij
(2)
eCjsk
()
); (5.103)
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gRicS21(ei; ek) = RicS21(ei; ek) + 2idiv eD(ek)  2idivD(k)
+ @^2idiv
eD(ek)  eCsik
(2)
(div
eD(es)  divD(s))  ecsik
(2)
div
eD(es)
 
nX
j=1
(1jc
j
ik
(2)
+ @^1j eCjik
(2)
  Csjk
(1)
cjis
(2)
  csjk
(1)
eCjis
(2)
 Bsij
(21)
cjsk
(2)
  bsij
(21)
eCjsk
(2)
); (5.104)
gRicS11(ei; ek) = RicS11(ei; ek) + 1idiv eD(ek)  1idivD(k) + @^1idiv eD(ek)
 
nX
j=1
(1jc
j
ik + @^1j
eCjik
(1)
+ Csjk
(1)
cjis
(1)
  csjk
(1)
eCjis
(1)
 Rsij
(12)
cjsk
(2)
  rsij
(12)
eCjsk
(2)
); (5.105)
eKR = KR + nX
k=1
(@^idiv
eD(ei)  lsiidiv eD(es) + idiv eD(ei)  idivD(i)
  Lsiidiv eD(ei) + LsiidivD(i)) + n;nX
j=1;k=1
(Lsjil
j
is   jljii   @^jeLjii
+ lsjieLjis  Rsij
(01)
cjsi
(1)
  rsij
(01)
eCjsi
(1)
 Rsij
(02)
cjsi
01
  rsij
(02)
eCjsi
01
); (5.106)
eKP = KP + nX
i;j=1
(idiv
eD(ei)  idivD(i) + @^idiv eD(ei)
  eCsii
()
(div
eD(es)  divD(i)  ecsii
()
div
eD(es))
 
nX
i;j=1
(jl
j
ii + @^j
eLjii   Lsjicjis
()
  lsji eCjis
()
+ Bsij
(1)
cjsi
()
+ Bsij
(1)
eCjsi
()
+ Bsij
(2)
ecjsi
()
+ bsij
(2)
eCjsi
()
); (5.107)
eKS21 = KS21 + nX
i=1
(2idiv
eD(ei)  2idivD(i) + @^2idiv eD(ei)
  eCsii
(2)
(div
eD(es)  divD(s))  ecsii
(2)
div
eD(es))
 
nX
i;j=1
(1jc
j
ii
(2)
+ @^1j eCjii
(2)
  Csji
(1)
cjis
(2)
  csji
(1)
eCjis
(2)
 Bsij
(21)
cjsi
(2)
  bsij
(21)
eCjsi
(2)
); (5.108)
eKS11 = KS11 + nX
i=1
(1idiv
eD(ei)  1idivD(i) + @^1idiv eD(ei))
 
nX
i;j=1
(1jc
j
ii + @^1j
eCjii
(1)
+ Csji
(1)
cjis
(1)
  csji
(1)
eCjis
(1)
 Rsij
(12)
cjsi
(2)
  rsij
(12)
eCjsi
(2)
); (5.109)
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where divD(k) =
nX
j=1
gjjg(Djk; j) and div
eD(ek) = nX
j=1
egjjeg( eDejek; ej).
Proof. We have eRhijk = Rhijk+ rhijk; and contracting j by h in the term Rhijk, we obtain
Rjijk = Ric(i; k), and in term r
h
ijk,
nX
j=1
rjijk =
nX
j=1
(il
j
jk + @^i
eLjjk   jljik   @^jeLjik + Lsjkljis + lsjkeLjis   Lsikljjs   lsikeLjjs
 Rsij
(01)
cjsk
(1)
  rsij
(01)
eCjsk
(1)
 Rsij
(02)
cjsk
01
  rsij
(02)
eCjsk
01
): (5.110)
But
nX
j=1
eLjjk = nX
j=1
eLjjk = nX
j=1
eg( eDejek; ej) = div eD(ek); so we have
nX
j=1
rjijk = @^idiv
eD(ek)  lsikdiv eD(es) + idiv eD(ek)  idivD(k)
  Lsikdiv eD(ek) + LsikdivD(k) + nX
j=1
( jljik   @^jeLjik + Lsjkljis
+ lsjkeLjis  Rsij
(01)
cjsk
(1)
  rsij
(01)
eCjsk
(1)
 Rsij
(02)
cjsk
01
  rsij
(02)
eCjsk
01
); (5.111)
which leads to (5.115). In the same manner for the scalar curvature, contracting k by
i in the relation (5.115), one gets
n;nX
j=1;k=1
rjiji =
nX
k=1
(@^idiv
eD(ei)  lsiidiv eD(es) + idiv eD(ei)
  idivD(i)  Lsiidiv eD(ei) + LsiidivD(i)) + n;nX
j=1;k=1
( jljii   @^jeLjii
+ Lsjil
j
is + l
s
ji
eLjis  Rsij
(01)
cjsi
(1)
  rsij
(01)
eCjsi
(1)
 Rsij
(02)
cjsi
01
  rsij
(02)
eCjsi
01
); (5.112)
which leads to (5.103). Similarly, we obtain the others expressions.
Using Example 5.2.1, the components of the d-tensor fields of curvatures are given
as follows
Lijk = 
i
jk; l
i
jk =
1
2
(j
i
k + k
i
j   sgjkgis); Cijk = 0; cijk = 0: (5.113)
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Then the non-vanishing d-tensor fields are
gRicR(ei; ek) = RicR(i; k)  lsikdiv eD(es) + idiv eD(ek)
  idivD(k)  sikdiv eD(ek) + sikdivD(k)
 
nX
j=1
(jl
j
ik   sjkljis   lsjkejis); (5.114)
eKR = KR + idiv eD(ei)  idivD(i)  siidiv eD(ei) + siidivD(i)
 
nX
i=1
(jl
j
ii   sjiljis   lsjiejis): (5.115)
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Chapter Six
Prolongation of structures to
Osc2(M)
In this chapter the 2-osculator bundle Osc2(M) is endowed with an almost n-contact
structure, we define an locally conformal almost cosymplectic structure on Osc2(M).
We supposeM is endowed with an l.c. almost cosymplectic structure then we prolong
it to Osc2(M).
6.1 Riemannian almost n-contact structures
Let us consider the linear mapping F : X(Osc2(M))  ! X(Osc2(M)) defined on the
adapted basis by
F(i) =  1i; F(1i) = i; F(2i) = 0; (i = 1;    ; n): (6.1)
We have the following properties:
ker F = V2; Im F = N0 +N1 ; rankjFj = 2n; and F3 + F = 0:
Denote by f
s
g, (s = 1;    ; n) the adapted vector fields of the distribution V2 and
their duals by (
s
).
Proposition 6.1.1. The 2-osculator bundle Osc2(M) endowed with the structure
(F; 
s
;
s
;G) with G given in (5.74) is an almost n-contact Riemannian structure.
Proof. Indeed, we have F(
s
) = 0,
s
 (
t
) = st and TOsc2(M) = N0N1 V2. For any
X 2 TOsc2(M),
F2X = Y +
nX
s=1
s
s
where Y 2 Im(F) (6.2)
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with s the 1-forms in TOsc2(M). The equation (6.2) leads to F3X = FY then
Y =  X since we have the property F3X =  FX, then we have
F2X =  X +
nX
s=1
s
 (X)
s
:
Which implies
G(FX;FY ) = G(X;Y ) 
nX
s=1
s
 (X)
s
 (Y ) (6.3)
This completes the proof.
6.1.1 L.c. almost cosymplectic structure on Osc2(M)
Let fUtgt2I be a family of an open covering Osc2(M). Assume that at each Ut there
exist a map t : Ut ! R. The requirement on t is that it is constant on y(2)-direction.
Proposition 6.1.2. The structure
eF; e
s
= exp(
t
2
)t
s
;
se= exp( t
2
)
s
t; eG = exp( t)Gt; (6.4)
is almost cosymplectic in Ut if and only if the following equations are satisfied
d = ! ^  + (gijH ik
(1)
!  H ik
(1)
dgij + gijdH
i
k
(1)
) ^ dxj ^ dxk; (6.5)
d
i
=
1
2
i
 ^!   1
2
H ik
(1)
! ^ dy(1)k   1
2
Kik! ^ dxk   dH ik
(1)
^ dy(1)k   dKik ^ dxk; (6.6)
where ! = d obtained by gluing up dt on Osc2(M).
Proof. The fundamental 2-form given by e(X;Y ) = eG(X;FY ) is locally written as
e = egijdxi ^ ey(1)j; (6.7)
where egij = e gij and the n-contact forms are given by
ie= exp( 
2
)ey(2)i: (6.8)
By differentiating equations (6.7), (6.8) and using (5.35) together with the definition
of almost cosymplectic structure i.e., de = d se= 0, one completes the proof.
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The normality condition is given by
NeF(X;Y ) +
nX
a=1
d(ey(2)a)(X;Y ) = 0; 8 X;Y 2 X(Osc2(M)): (6.9)
Note that if a such open covering fUtgt2I exists on Osc2(M) then the 2-osculator
bundle Osc2(M) endowed with the almost n-contact metric structure (F; 
s
;
s
;G) is
said to be locally conformal almost cosymplectic manifold.
The almost n-contact structure F associated to the nonlinear connection N satis-
fies
DXF = 0; 8 X 2 X(Osc2(M)): (6.10)
Thus, the coefficients of the N -linear connection D on (Osc2(M);F; 
s
;
s
;G) satisfy
Lijk = C
i
jk
(1)
:
6.2 Prolongation to Osc2(M) of l.c. almost cosym-
plectic structures
In this section the base manifold M is endowed with an almost contact structure
(; ; ; g).
Complete lift of tensor fields
Let X be a vector field over M , and let ftg be the 1-parameter group of local
transformations of M induced by X its extension on Osc2(M) ftg is again a 1-
parameter group of local transformations of Osc2(M), and hence it defines a unique
vector field over Osc2(M) which will be denoted by Xc and called complete lift of X
(see [13] for more details). In [39], the authors expressed it locally by
Xc = (X i  2)@i + S(X i  2)@1i + 1
2
S2(X i  2)@2i; (6.11)
for any X = X i@i 2 X(M) and S a 2-semispray. For two semisprays S and S 0, we
have S(X i) = S 0(X i) so the complete lift of a vector field X is independent on the
choice of the semispray.
The complete lift of a function f 2 C1(M) is the function f c 2 C1(Osc2(M))
given by
f c = S(f) +
1
2
S2(f): (6.12)
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Properties 6.2.1. The following holds
(i) Jk(Xc) = Xvk , where Xvk is the vertical vk-lift of X given by Xvk = X(k)iki.
(ii) (fX)c =
Pk
=0
1
!
S(f)J(Xc), f 2 F(M), X 2 X(M).
(iii) X and Xc are 2-related i.e.,
X  2 = d2 Xc:
(iv) The complete lift of a linear connection D on M is given by:
DcXcY
c = (DXY )
c
and we also have
(v) DcJ(Xc)Y
c = DcXcJ
(Y c) = J(DXY )
c,  = 0; 2.
Now M is endowed with an almost contact Riemannian structure (; ; ; g). Re-
call that for any point (xi; y(1)i; y(2)i) 2 Osc2(M) the canonical submersion 2 is given
by 2(xi; y(1)i; y(2)i) = (xi). The kernel of its differential d2 : TOsc2(M) ! TM is
ker d2 = Spanf@1i; @2ig. Hence, from equation (6.11) and by taking into account the
property 6.2.1(iii), we have
d2(Xc) = (X i  2)@i = X: (6.13)
Then we obtain
X = d2(Xc):
Let L : TM ! TOsc2(M) be a linear map given by L(X) = Xc. Such a map is
unique (see [42, lemma 1.9] for more details). Let  be a F(Osc2(M))-linear map
given by
 = L    d2 : TOsc2(M)! TOsc2(M): (6.14)
Locally in adapted basis, we have
d2(i) = @i; d
2(1i) = 0; d
2(2i) = 0;
which implies
d2(i) = @i = 
j
i@j;   d2(1i) =   d2(2i) = 0:
Therefore we have (i) = L(ji@j), which implies
(i) = (
j
i  2)@j + S(ji  2)@1j +
1
2
S2(ji  2)@2j: (6.15)
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Clearly, we have
ker  = Spanf1; 2g:
In virtue of equations (2.36) the equation (6.15) may be written as
(i) = a
j
ij + b
j
i1j + c
j
i2j; (6.16)
where
aji = 
j
i  2; bji = S(ji  2) + (ji  2)Mkj
(1)
jk;
cji =
1
2
S2(ji  2) + S(ji  2)Mkj
(1)
jk + (
j
i  2)Mkj
(2)
jk: (6.17)
It follows that
2(i) = a
j
ia
k
j j + a
j
i b
k
j 1j + a
j
ic
k
j 2j: (6.18)
Let A be a (1; 1)-tensor in Osc2(M) defined by
A(2i) = a
j
ij; A(i) =  aji2j; A(1i) = 0: (6.19)
It is clear that A satisfies
kerA = Spanf1ig; ImA = Spanfi; 2ig and A3 + A = 0:
Indeed, A2(2i) = ajiAj =  ajiakj 2k =  (ji 2)(kj 2)2k then for an orthonor-
mal basis f@i;    ; @2n; g in M one has (ji 2)(kj 2) = g(2@i; @i) =  g(@i; @i) =
 gij, which implies A2(2i) =  2i then A3 + A = 0.
Therefore, in view of Proposition 6.1.1 the (1; 1)-tensor A is an almost n-contact
structure and it depends only on the almost structure  on M and compatible with
the metric
G = gijdxi 
 dxj + gijdy(1)i 
 dy(1)j + gijdy(2)i 
 dy(2)j: (6.20)
Theorem 6.2.1. Let (M;; ; ; g) be an almost contact manifold, the manifolds
Osc2(M) endowed with the structure (A; 
s
;
s
;G) where 
s
= 1s and
s
= y(1)s is an
almost n-contact manifold. Moreover, if  is the fundamental 2-forms of M then
the fundamental 2-form G satisfies G(X;Y ) = G(X;AY ); X; Y 2 TOsc2(M) of
Osc2(M) is given by
G = ijdx
i ^ y(2)j: (6.21)
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Proof. The proof of the first part of the theorem follows from the proof of Proposition
6.1.1 by replacing the (1; 1)-tensor F by the (1; 1)-tensor A given in (6.19). Using the
adapted vector fields i and 2j one gets
G(i; 2j) = G(i; A2j) = G(i; akj k) = akjG(i; k) = akj gik: (6.22)
Since ij = (@i; @j) = g(@i; @j) = g(@i; kj@k) = (kj  2)gik = akj gik: Hence, we
have
G = ijdx
i ^ y(2)j;
which completes the proof.
Then the proof is completed.
Proposition 6.2.1. If (M;; ; ; g) is an locally conformal almost cosymplectic man-
ifold then the fundamental 2-form of (Osc2(M); A; 
s
;
s
;G) satisfies
dG ^ dxj = 2! ^ G ^ dxj + d(y(2)j) ^ : (6.23)
Proof. By ^-producting the equation (6.21) with dxj and taking into account the
equation (3.5), one gets
G ^ dxj =  ijdxi ^ dxj ^ y(2)j =   ^ y(2)j: (6.24)
Then differentiating (6.24), one obtains (6.23).
For a given co-basis
dxi; y(1)i = dy(1)i +M ij
(1)
dxj; y(2)i = dy(2)i +M ij
(1)
dy(1)j +M ij
(2)
dxj; (6.25)
we recall that
Lemma 6.2.1. [40, page 104] The exterior differential of the 1-forms (5.35) are given
by the following formula
d(dxi) = 0; d(y(1)j) =
1
2
Rjim
(01)
dxm ^ dxi +Bjim
(11)
y(1)m ^ dxi +Bjim
(21)
y(2)m ^ dxi;
d(y(2)j) =
1
2
Rjim
(02)
dxm ^ dxi +Bjim
(12)
y(1)m ^ dxi +Bjim
(22)
y(2)m ^ dxi +Rjim
(12)
y(1)m ^ y(1)i
+Bjim
(21)
y(2)m ^ y(1)i: (6.26)
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Theorem 6.2.2. Let (M;; ; ; g) be an l.c. almost cosymplectic manifold. If the
horizontal and the vertical distribution N0 and N1 in (2.28) are integrable and the
coefficients Bjim
(21)
vanish then the fundamental 2-form G satisfies
dG = 2! ^ G (6.27)
and there exists 1-forms j such that one has
d
i
= j^
j
 : (6.28)
Proof. According to the Remark 5.3.1, the distributions N0 and N1 in (2.28) are
integrable if and only if Rjim
(01)
= Rjim
(02)
= Rjim
(12)
= 0, then the second and the third
equation in (6.26) become
d(y(1)j) = Bjim
(11)
y(1)m ^ dxi +Bjim
(21)
y(2)m ^ dxi;
d(y(2)j) = Bjim
(12)
y(1)m ^ dxi +Bjim
(22)
y(2)m ^ dxi +Bjim
(21)
y(2)m ^ y(1)i;
and using the assumption Bjim
(21)
= 0 together with the observation that  = ijdxi^dxj
one obtains
d(y(1)j) = Bjim
(11)
y(1)m ^ dxi =  Bjim
(11)
dxi ^ y(1)m;
d(y(2)j) ^  = Bjim
(12)
y(1)m ^ dxi ^ ijdxi ^ dxj +Bjim
(22)
y(2)m ^ dxi ^ ijdxi ^ dxj = 0;
Therefore, we obtain d(y(2)j) ^  = 0, then in virtue of (6.23) and posing  =
 Bjim
(11)
dxi we complete the proof.
Corollary 6.2.1. Under the assumptions of Theorem 6.2.2, if the Lee form ! of the
l.c. almost cosymplectic manifold M satisfies ! =  Bjim
(11)
dxi then the bundle Osc2(M)
is an l.c. almost cosymplectic manifold.
Note that the coefficients Bjim
(21)
identically vanish if the coefficients N ij
(1)
are constant
in y(2)-direction.
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Chapter Sept
Conclusion and Perspectives
7.1 Conclusion
This thesis contains recent author’s investigations on differential geometry of smooth
manifolds equipped with almost complex and almost contact structures. One of the
main goals was the relationships between geometric objects of the almost contact
structures (; ; ; g) and (; U ; U ; gU). We recalled the Chern-Hamilton tensor and
used its parallelism to prove that, under some geometric conditions, the class of l.c.
almost cosymplectic manifolds contains in the class of cosymplectic manifolds. The
Lee form ! and its dual, Lee vector field B, played a primary role in this study. The
Lee vector field B was used by G. Olszack in [43, theorem 3.3] to define a subclass
of l.c. almost cosymplectic manifolds based on its proportionality with the structure
vector field . We enrich the Olszack’s study by proving that there are many classes
of this kind in which the proportionality condition introduced by Olszack is also
satisfied. Furthermore, we used the distributions ker  and its orthogonal to study
foliations on l.c. almost cosymplectic manifolds.
The indefinite case of locally conformal almost cosymplectic manifolds was also
studied. Here we paid attention to canonical foliations F whose leaves are the maxi-
mal connected integral manifolds of the Pfaffian equation ! = 0. The casual character
of the Lee vector B played a very important role in this study. Leaves of F, seen as
submanifolds of the ambient space under consideration, led to the study of intrin-
sic geometric objects. The formulas of change of screen distributions were derived.
Moreover, the non-tangential leaves, the screen conformal leaves and the higher order
geodesibility of leaves of F were studied. The latter yielded to some integral formulas.
The Conformal-type Lagrangian functions were defined on 2-osculator bundle
Osc2(M). For a given conformal-type regular Lagrangian functions L and eL, some
examples in Riemannian and Finsler cases were given. In the latter case, the 0-
homogeneity was required on the conformal change in order to get a conformal fun-
damental tensor which is still satisfying Finsler assumptions. We also showed how
geometric objects, such as Lie brackets, d-tensors of Riemannian curvatures, Ricci
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tensors, and scalar curvatures, are related.
By the means of Vaisman characterization of l.c. almost cosymplectic structures
on a smooth manifold M , we characterized an l.c. almost cosymplectic structure on
the 2-osculator bundle Osc2(M). Finally, under some conditions, we prolonged the
l.c. almost cosymplectic structure from M to Osc2(M).
7.2 Future research directions
As perspectives, we would like to focus on the l.c. almost cosymplectic submersions,
that is, submersions from l.c. almost cosymplectic manifolds.
As known there are 4,096 classes of almost contact metric structures and here
we have examined only a few number of them. It shall be of interest to pursue the
study with new manifolds. What shall be needed is the defining relations of some
new almost contact metric manifolds. Other manifolds can be obtained by the use
of warped product following the formalism of Kenmotsu [25]. An investigation shall
also be oriented towards the study of the geometry of singular 2-Lagrange spaces and
the conformal 2-Hamilton space using the Legendre mapping.
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